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ABSTRACT
This paper presents an identification method for robotic manipulators. It is shownIt demonstrates how the a dynamic model can be constructed with the help of the modified Newton-–Euler formula. To model the friction of the joints, static friction modelingmodelling was is used, in which the friction behaviorbehaviour depends only on the actual velocity of the given joint. With these techniques, the model can be converted into a linear-in-parameters form, which can make the identification process easier. Two estimators are introduced to solve the identification problem, namely the least-squares and the weighted least- squares estimators., and It is presented howthe determination of the independently identifiable parameter vector can be determined, to make the regression matrix maximal column rank is presented. The Frobenius norm was is used as the condition of the regression matrix to optimisze the excitation trajectories, and t. The form of the trajectories were has been chosen selected to from the finite Fourier series. The method was is tested in a simulated environment for to achieve a three- degrees-of-freedom manipulator.
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Introduction	Comment by Proofed: I have made a number of changes in the abstract to clarify the language and improve the flow. Please check that I have retained your intended meaning throughout. 

Automation is playing an increasingly important role in the industrial fieldindustry, where manipulators are used to solve various types of problems. Precise control algorithms are required to perform meet the high requirementsneed for speed and accuracy.,
 and Aan accurate dynamic model is needed to use these control algorithms,  (such as the method of computed torques method [1]). Although the robot manufacturer of the robot can provide the necessaryse values, but they are mostly usually either inaccurate or even do not existnon-existent; t. Thus, the dynamics of the manipulator haves to be determined with through an identification process.
An iIndependently identifiable parameter vector and a regression matrix is are required to create an identifiable model. The barycentric parameters [2] or the modified recursive Newton–-Euler formula [3] can be used to solve this problem.
UsuallyIn general, the friction effect of the joints is not negligible,, hence a dynamic model, determined according to the structure of the manipulator, the model of it has to be incorporated in the modelwith the dynamic model determined from the structure of the manipulator. There are plenty of existing friction models that, which can be used in the identification of the dynamic model, but there is has to be a trade-off between model accuracy and computational complexity.	Comment by Proofed: I'm not sure what is meant here. Do you mean 'is evident', i.e. easy to detect? Or perhaps ‘difficult to detect’? Please check and revise.
	Comment by Proofed: The meaning here was unclear. I have made some changes to clarify the language, but please check that I have retained your original meaning. It may need some further clarification. 

In the simplest case, only the Coulomb and viscous friction effects can be taken into accountneed to be considered in the dynamic model [4]. Although this can be sufficient in some cases, but the stiction effect inof the joint will beremains unmodelled, which and the nonlinearity has to be compensated for withby the controller.	Comment by Proofed: Please check that my changes here don't alter your intended meaning. 

A dDynamic friction model can be applied, if a high level of precision of the model is needed in the model, but in this case, the model can notcannot be converted into a linear-in-parameters model [5]. This method can be used only if the dynamic model is known and only friction compensation is needed.
Discontinuities of the sign function can be eliminated by using the arctangent function to approximate the step when at which the velocity changes its sign. The continuity of this function can beis necessary when using the identified model in the controller to havefor a smooth control signal when the velocity is reachesing zero. In [6], both  static and dynamic friction identification was were presented as well, but only for cases if where the other dynamic parameters are were known. It is possible to convert Tthe model of the static friction model can be converted into a linear-in-parameters form.	Comment by Proofed: Is this what you mean here? Please check. 

The optimiszation of the excitation trajectory is important to for generatinge a well-conditioned regression matrix. The fFinite Fourier -series [7] and the polynomial functions [8] are used frequently as excitation trajectories.	Comment by Proofed: You have requested British English for this document, but you appear to have used the American spelling here. I have made the necessary changes here and elsewhere in this paper. 

Click here for more information on spelling conventions in US and UK English.

The proper estimator for a problem can be chosen selected by investigating the rate of the noise corrupting the measurements [7]. In this paperstudy, the least-squares (LS) (Least Squares) and weighted-LS (WLS) (Weighted LS)  estimation methods were inspectedassessed. As it was shown in [9], the maximum likelihood ML (Maximum Likelihood) estimation gives better results in simulations, in case of  when there are corrupted joint value measurements, but usually, in real- life scenarios,  this noise is negligible compared to with the noise of the torque measurements.	Comment by Proofed: Make sure that all acronyms and initialisms are introduced correctly by giving the full terminology first, with the acronym following in parentheses.

Click here for more information about using acronyms and initialisms in writing.

In [10],  the dynamics of the payload was were determined with by an identification process by that measureding the actuator currents. In this method, the dynamic parameters of the manipulator were known.
This The present study paper compares two methods to estimate the parameters of the a robot dynamic model with static friction in each joint.  It is shown,demonstrates how the reduced row echelon form of the regression matrix can be used to find the independently identifiable variables. The results in [16] are extended in this paper by presenting the a method incorporating the friction model into the identification process.	Comment by Szabó Dániel: 
The paper is organiszed as follows. In Section 2, the form of the dynamic model is introduced, and this section describes how the modified Newton–-Euler formula and the static friction model is are used to get obtain its linear-in-parameters form. Section 3 describes the configuration of the measurements, and t. The method to determine the independently identifiable parameters is shown explained in Section 4.1., and then tThe LS and the WLS wo eestimators are then described: the least-squares (LS) and the weighted least-squares (WLS) estimators. After that, Section 5 introduces the optimizsation of trajectory parameters and the criterion for this optimiszation method. The results of the simulation are in Section 6, a. And at lastfinally, the conclusions are contained set out in Section 7.
[bookmark: _Ref60910779]Model evaluation
Dynamics of the manipulators
A manipulator can be modelled with an open kinematic chain, which is composed of links connected by joints.
 The Denavit–-Hartenberg parameters can be used to define the kinematics of a given manipulator [11], and with themthe homogeneous transformation matrices can be defined to calculate the actual position and orientation of the end effector.
The dynamic model of a manipulator can beis given by the nonlinear multiple-input and multiple-output MIMO (multiple-input and multiple-output) function, which gives a relationclarifies the relationship between the joint positions, their first- and second-order derivatives and the joint torques/forces.
 The following equation shows this relationship:
	
	[bookmark: _Ref20308543](1)


where  denotes the -by- vector of the joint variables (for an  degree- of- freedom manipulator),  is the vector of joint torques (or forces),  is the -by- symmetric, positive-definite joint-space inertia matrix, the Coriolis and centrifugal forces are modelled by the vector , and the gravitational effects are given by the vector .
Although the model in (1) gives provides a good physical interpretation of the system, it cannot be used effectively during the identification process. To solve this problem, the linear-in-parameters form of the model can be used:
	
	[bookmark: _Ref60911875](2)


where  denotes the regression matrix, and  is the parameter vector.
The values of the inertia matrix, the mass of the link (), and the first moment of the links are contained in :
	
	[bookmark: _Ref60911886](3)


where  parameters are the entries of the symmetric inertia matrix and  denotes the position of the centercentre -of- mass of the -th link measured in the frame belonging to the -th joint.
To solve the identification problem, the calculation ofit is necessary to calculate the regression matrix is required. It This can be done achieved, for example, with the Lagrangian -formula, which gives uprovidess a good physical view of the system;, but it is computationally expensive. Hence, a better solution can beis the Newton–-Euler formula, which has a computational complexity ofis  [3].  
At fFirst, with using the Newton-Euler formula, the kinematics of each frames belonging toof the joints are calculated and transformed into the frame of the end- effector. This is done with forward recursion, and the velocities, angular velocities, accelerations and angular accelerations are determined for each frame. Then, the transformation of the forces and moments are performed transformed with backward recursions from the end-effector frame to the base frame. The applied torque/force of the given joint is determined by the following equation in a given step of the backward recursion:
	,
	(4)


where  and  are the moment and the force exerted on link  by link - and,  is the orthonormal rotation matrix that describes the rotation between the -th and the --th frame;.  is the base vector of the axis of rotation (or translation), as awhich is selected by the convention it is chosen as . 	Comment by Proofed: Please check that my changes here retain your intended meaning. 

At lastThis results in, there will be linear terms in the inertias, masses, and the centercentre-of-mass vector, as well as the but there will be quadratic terms of the latter parameter as well.	Comment by Proofed: I have made some changes here to clarify the language. Please check that I have retained your original meaning. 

	Comment by Proofed: Which parameter is being referred to here? Please clarify. 

These quadratic terms can be eliminated by using atransforming transformation of the inertia tensor:. lLet  denote the coordinate system for the -th link and  denote the frame of the centercentre- of -mass of the -th link;. lLet  be the orthonormal rotation matrix between  and .
 If  is the inertia tensor about around the centercentre of the mass, then the inertia tensor  in  is:	Comment by Proofed: Is this what you mean here? Please check.

	
	(5)


where  is the 3-by-3 identity matrix.
Friction modelling
The model in (1) has tomust be extended with the torque vector  to model the effect of the friction:.
	.
	(6)


[bookmark: _Ref60911718]There are several methods to model the vector of the friction torques. In this paperstudy, the static friction modelling was used, including stiction, Coulomb and viscous friction effects, and the Striebeck effect, which was represented using the arctangent function [5]:
	
	(7)


where  denotes the vector of velocities (, thus, the first-order derivative of the joint variables),  represents the stiction,  is the difference between the Coulomb friction and the stiction,  represents the shape of the Striebeck effect,  denotes the coefficient of the viscous friction and the function  is used as the approximation of the  function:
	
	(8)


where  defines the shape of the function.
In this case, the friction model can be transformed into a linear-in-parameters form, where the regression matrix and the parameters belonging to one joint are the following:
	
	[bookmark: _Ref61423892](9)


[bookmark: _Ref61341193]Measurement setup
Simulations were used to perform the measurements, in a MATLAB Simulink environment, but the introduced proposed method can could also be used with real measurements as well. To model the dynamics and the friction effect, the Simscape Toolbox was applied.
In the current state of the workAt this stage, the control of the manipulator was performed by computing the torques automatically by using the simulation; however, t.	Comment by Proofed: Is this what you mean here? Please check. 

The torque measurements of the torques were always corrupted with independent zero-mean Gaussian noise. The mMeasurements were done with the same, andrepeated with with  different variances for the specific joints., but t	Comment by Proofed: Please check that my changes here retain your intended meaning. 

The joint torques were corrupted with independent zero-mean Gaussian noise, whenre each joint had different variances.
 TheThe joint angles could bewere also corrupted with noise as well, but this wasit is negligible compared withto the noise of the torque measurements [9].
[bookmark: _Ref60910802]Identification Process
[bookmark: _Ref60911250]Determination of the independent variables
According to (2) and (9), tThe dynamics of the manipulator can be written in a linear-in-parameters form, according to (2) and (9)., bBut to use it during the identification process, some changes have to be applied because of the parameter vector described in (3).
With these parameter vectors, the column-rank of the regression matrix  will not be maximal. Thus,This means that there exist nount identifiable or not independently identifiable parameters that are not independently identifiable as wellalso exist.
Three parameter types can be defined [12]:
1. If the -th column of  is a null vector, then the -th parameter is unidentifiable, and it does not affect the dynamics are unaffected. In this case, this parameter and the -th column of  can be dropped outremoved.	Comment by Proofed: Is this what you mean here? Please check. 

1. If the -th column of  is not null and can be expressed as a linear combination of the other columns, then the -th parameter can be identified only in a linear combination with other parameters.
1. If the -th column of  is not null and can not be expressed as a linear combination of the other columns, then the -th parameter is independently identifiable.
At firstFirst, eliminate all of the columns of  with only zeros should be eliminated; t. The number of independent parameters is then equal with to the rank of . These parameters can be expressed in a linear combination of the original parameters.
To get obtain the coefficients for the linear combinations, the reduced row echelon form of  is required: 
	
	(10)


Let where  denotes the indexes of the columns with the leading ones in the reduced row echelon form. These indexes will give a base in the columns of , by indexing out the column of the regression matrix with it, and. Let  be is the vector of the indexes that are not contained by .	Comment by Proofed: What does 'ones' refer to here? Please clarify. 
	Comment by Proofed: I'm not sure what is meant by 'base' here. Please check and revise. 
	Comment by Proofed: It would be better to specify what 'it' refers to here, as it is unclear. 

Let  and  be the matrices with columns indexed by  and  from  respectively. In tThis way, a linear combination can be defined to express each column of  with the columns of ,  and the coefficients can be determined by the columns of  indexed by :
	
	(11)


where  is the rank of , that isi.e. the number of independent parameters.
Hence tThe matrix   can therefore be expressed as , with the help of  defined as:
	.
	(12)


Two vectors of the parameters are defined by the indexing them with by  and :
	.
	(13)


Thus, a new form of the model can be introduced:
	
	(14)



where . Consequently,    is an independently identifiable parameter if, and only if, the -th row of  contains only zeros.
LS estimation
If the torques of the actuators are corrupted with zero-mean Gaussian noise () with the same standard deviation, the following measurement model can be defined:
	
	(15)


where  is the measured value of the torque vector, the error of the given joint is denoted by  and  denotes the index of the measurement.
With this measurement model, the standard least squares (LS) estimator can be used. The minimiszation criterion of the estimator is the following:	Comment by Proofed: This abbreviation has already been defined. 

	
	(16)


where  is the number of measurements.
The solution of to the problem can be given in a closed form, with the help of the Moore–-Penrose pseudoinverse of :
	.
	(17)


WLS estimation
If noises with different standard deviations () are corrupting the measurements, the weighted least squares (WLS) estimator has to be applied. Here the error of the measurements in the optimiszation criterion are weighted with the reciprocal of the variation of the noise for a given joint:	Comment by Proofed: This abbreviation has already been defined. 

	
	(18)


Consequently, the problem can be solved as:
	
	(19)


where  is the diagonal covariance matrix of the noises.
[bookmark: fig:manipulator3dof][image: images/robot3dof.png]
[bookmark: _Ref61359682]Figure 1. Model of the three-degrees-of-freedom 3-DoF manipulator, defined by the Denavit–-Hartenberg parameters in Table 1.

[bookmark: _Ref60911261]Trajectory optimiszation
The quality of the identification is dependent on the condition of the  matrix, which can be optimiszed by using proper the correct excitation trajectories. There are several criteria to perform this.
[bookmark: _Ref60910818]Optimiszation criteria
In several papers, the optimiszation criterion to find the optimal excitation trajectories were is the condition number of  [13], while.  iIn [14], the maximiszation of the minimum singular value of  was is used as the optimiszation criterion. However, fFaster convergence can be achieved if the Frobenius norm is used as the criterion: [8]:
	
	(20)


where  is an -by- nonsingular matrix.
Hence, the optimiszation problem can be written in the following form:
	,
	[bookmark: _Ref77252803](21)


where  vector contains the parameters of the trajectory and, the  etc. vectors are the minimal and maximal joint values, velocities and accelerations, respectively. By using equality constraints, the initial () and final () conditions can be taken into consideration. The initial and the final velocities and accelerations are chosen to beselected as zero.
The optimiszation problem in (21) was solved in MATLAB by using the fmincon function with the iInterior-point method as its the solvinger algorithm.	Comment by Szabó Dániel: 
Trajectory parametriszation
The form of the applied trajectories can be chosen asselected from the finite Fourier series. The definitions of the parametriszation for the joint variables and their first- and second-order derivatives are the following [15]:	Comment by Proofed: Is this what you mean here? Please check. 
	Comment by Szabó Dániel: s	Comment by Szabó Dániel: are
	
	(22)


where  is the fundamental frequency of the Fourier series. So tThe parameter vector can therefore be defined by an  matrix  , where  is the number of joints of the manipulator, while and  denotes the number of harmonics in the Fourier series.
[bookmark: _Ref60910839]Experimental results
The iImplementation was performed in MATLAB, w. While the dynamics and the friction modelling were evaluated in MATLAB Simulink (Section 3).	Comment by Proofed: The 'implementation' of what? Please clarify. 


[bookmark: _Ref61359740]Table 1. The Denavit-–Hartenberg parameters of the modelled three- degrees- of- freedom manipulator
	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	



The simulated trajectories are shown in Figure 2. These trajectories were designed by the method described in Section 5.
 The structure of the three-degrees-of-freedom 3-DoF manipulator used in this work study is depicted in Figure 1, and its Denavit–-Hartenberg parameters are introduced in Table 1.	Comment by Proofed: The full terminology is needed here because the abbreviation hasn't been introduced and isn’t used again in this paper. 

 The MATLAB Symbolic Toolbox was used to determine the dynamics of the manipulator.
The results of the identification and the symbolic expressions of the final  parameter vector are shown in Table 2. It can be seen that 24 identifiable variables were determined. The dynamics There arehave some independently identifiable parameters of the dynamics (, , , , , ) and some unidentifiable variables (e.g. the parameters of the inertia matrix of the first segment), which do not influence the robot dynamics. All of the friction parameters are independently identifiable, and t. The other parameters can be identified in a linear combination with more parameters.
It can be seen in from the results, that the LS and the WLS estimators performed well. With this method, the friction parameters were also identified as well, with only one measurement configuration, which simplifies the measurement process. Figure 3 depicts the efficiency of the WLS estimator in the case of the non-optimiszed trajectories, using a finite set of Fourier series as excitation. The difference between the approximated and the nominal value of the torques vector is negligible.
[image: ]
[bookmark: _Ref61598603]Figure 2. Measurements with optimiszed excitation trajectories,  Nm.
[bookmark: _Hlk61353147]
[bookmark: _Ref20313325][bookmark: _Ref61359367]Table 2. Results of the estimations (: mean,: variance of the estimators)  
	Symboolic expression
	Exact values
	LS
	WLS

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	


[bookmark: _Ref60910845]Conclusion
[image: ]
[bookmark: _Ref61359642]Figure 3. Comparison between the measured torques , the value of the torque vector without noise  and the estimated torque vector calculated from the identified model  using the WLS estimator. The measuredment noise of  is the same as in the casethat of Figure 2 ( Nm). The 4th bottom graph shows the absolute value of the difference between  and .
Thise paper presents two methods to solve the identification problem of the dynamic model of robotic manipulators.
 By modelingmodelling only the static friction behaviour, the whole dynamic model can be expressed in linear-in-parameters form. In this form, both LS and WLS estimators can be used effectively to approximate the unknown parameters of the robotic arm.
It As can be seen in Table 2,  that all of the friction parameters can be identified independently, hence the method can also be used in case ofwhen the known dynamic parameters are knownas well, but only for friction compensation.
The advantage of this method is that only one measurement configuration is needed to get obtain all of the desired parameters, but it is not required to for movinge only one joint at a time.	Comment by Proofed: This is a little unclear. Do you mean 'but this method cannot be used for moving one joint at a time'? Please clarify. 

 These results can be used in advanced control algorithms.
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