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XQFHUWDLQW\� LQ� UHVRQDQW� PHDVXUHPHQWV�� 7KH�

XQFHUWDLQW\� RI� WKH� UHVRQDQW� IUHTXHQF\� DQG� TXDOLW\�

IDFWRU� ZDV� HVWLPDWHG�� 7KH� HIIHFW� RI� WKH� XVH� RI�

XQFDOLEUDWHG� UHVRQDQW� FXUYH� RQ� XQFHUWDLQW\� ZDV�
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&RQWLQXRXV� LQWHUHVW� LQ� WKH� PLFURZDYH� PHDVXUHPHQWV�
EULQJV�WR�WKH�UHDOL]DWLRQ�RI�WKH�LQGXVWULDO�JUDGH�PHWKRGV�IRU�
WKH� PDWHULDO� FKDUDFWHUL]DWLRQ�� $� ZLGH� UDQJH� RI� PDWHULDO�
SURSHUWLHV�FRXOG�EH�FKDUDFWHUL]HG�DW�PLFURZDYHV��7KH�PDLQ�
DGYDQWDJH� RI� WKH� PLFURZDYH� WHFKQLTXHV� LV� WKHLU� KLJK�
VHQVLWLYLW\��7KH\�DUH�ZLGHO\�XVHG�IRU�WKH�PHDVXUHPHQWV�RI�
WKH� FRPSOH[� SHUPLWWLYLW\� RI� WKH� OLTXLGV� >�@� DQG� VROLG�
GLHOHFWULFV�>�@��6LQFH�ORQJ�WLPH�PLFURZDYH�WHFKQLTXHV�KDYH�
EHHQ�XVHG�IRU�WKH�VXUIDFH�LPSHGDQFH��ZV��PHDVXUHPHQWV�RI�
WKH� FRQGXFWRUV�� ,Q� SDUWLFXODU�� WKH� PLFURZDYH� GLHOHFWULF�
UHVRQDWRU��'5��PHWKRG�LV�D�VWDQGDUG�IRU�WKH�PHDVXUHPHQWV�
RI� ZV� RI� VXSHUFRQGXFWRUV� >�@�� ,Q� FRQQHFWLRQ� ZLWK� RWKHU�
WHFKQLTXHV�DV�G�F��PHDVXUHPHQWV��LW�LV�DEOH�WR�VKRZ�DQ�HYHQ�
PRUH�FRPSOHWH�SLFWXUH�RI� WKH�PLFURVFRSLF�SURSHUWLHV�>�@��
,Q� WKLV� DUWLFOH�� ZH� IRFXV� RQ� WKH�'5� EDVHG�PHDVXUHPHQW�
WHFKQLTXH���

,Q� WKH� ODVW� \HDUV�� 9HFWRU� 1HWZRUN� $QDO\VHUV� �91$��
EHFDPH�PRUH�DFFHVVLEOH�GXH�WR�ORZ�FRVW�VROXWLRQV�>����@��
+RZHYHU�� WKH�TXDOLW\�RI� WKH�PHDVXUHPHQWV� UHOLHV�KHDYLO\�
RQ�WKH�FDOLEUDWLRQ�SURFHGXUH��,Q�WKH�FDVH�RI�OHVV�SHUIRUPDQW�
91$V��WKH�LPSRUWDQFH�RI�FDOLEUDWLRQ�EHFRPHV�HYHQ�PRUH�
UHOHYDQW��

,Q� VRPH� FDVHV�� FDOLEUDWLRQ� EHFRPHV� DQ� LPSRVVLEOH�
RSHUDWLRQ��7KH�QRWDEOH�FDVH�LV�ZKHQ�WKH�GHYLFH�XQGHU�WHVW�
�'87�� LV� SODFHG� LQ� D� KDUVK� RU� SDUWLFXODUO\� GLIILFXOW�
HQYLURQPHQW��$Q�H[DPSOH�LV�UHSUHVHQWHG�E\�PHDVXUHPHQWV�
RI�PDWHULDOV�RU�GHYLFHV�DW�ORZ��FU\RJHQLF�WHPSHUDWXUHV�>�@��
$SDUW�IURP�WKH�FRPSOH[LW\�RI�WKH�FU\RJHQLF�PHDVXUHPHQW�
V\VWHP��RQH�RI�WKH�PDLQ�SUREOHPV�RULJLQDWHV�IURP�WKH�SDUW�
RI�WKH�PLFURZDYH�OLQH�LQVLGH�WKH�FU\RVWDW�ZKLFK�FRXOG�QRW�
EH�FDOLEUDWHG�XVLQJ�WKH�VWDQGDUG�SURFHGXUH��+HUH��WKH�PDLQ�
UROH� LV� SOD\HG� E\� WKH� DEVHQFH� RI� PLFURZDYH� VWDQGDUGV�

FDSDEOH� WR� NHHS� WKHLU� FKDUDFWHULVWLFV� LQ� WKH� KRVWLOH�
HQYLURQPHQW��2QH� RI� WKH� VROXWLRQV� LV� WR� GHYHORS� FXVWRP�
VWDQGDUGV� >�@�� EXW� LW� RIWHQ� UHTXLUHV� YHU\� DGYDQFHG�
WHFKQLTXHV� DQG� SDUWLFXODU� NQRZOHGJH�� 0RUHRYHU�� LW�
EHFRPHV�WKHQ�UDWKHU�GLIILFXOW�WR�DVVRFLDWH�WKH�DSSURSULDWH�
XQFHUWDLQW\�ZLWK�WKH�PHDVXUHG�TXDQWLW\���

,Q�WKLV�SDSHU��ZH�H[WHQG�WKH�DQDO\VLV�RI�WKH�HIIHFW�RI�WKH�
XQFDOLEUDWHG�PHDVXUHPHQWV�>�@�WR�WKH�FDVH�RI�WKH�FRPSOHWH�
UHVSRQVH� RI� D� UHVRQDWRU� JLYHQ� E\� ERWK� WKH� UHVRQDQW�
IUHTXHQF\��f���DQG�WKH�TXDOLW\�IDFWRU��Q���:LWK�UHVSHFW�WR�
WKH�SUHYLRXV�VWXG\��ZKHUH�ZH�IRFXVHG�RQ�Q�RQO\��DQG�WKHQ�
RQO\� RQ� WKH� ORVVHV��� ZH� KHUH� H[SORUH� WKH� HIIHFW� RI�
XQFDOLEUDWHG� PHDVXUHPHQWV� RI� D� UHVRQDQW� V\VWHP� RQ� WKH�
XQFHUWDLQW\� WR�EH� DVVRFLDWHG�DOVR� WR� f���:H�XVH� WKH� VDPH�
+DNNL�&ROHPDQ� �+�&��GLHOHFWULF� UHVRQDQW� V\VWHP� IRU� WKH�
PHDVXUHPHQWV�DV�LQ�>�@��

�,,�� 9$5,$%/(�4�5(621$725�&(//�

,Q� WKLV� VWXG\�� ZH� DLP� WR� HYDOXDWH� WKH� PHDVXUHPHQW�
XQFHUWDLQW\�ZKHQ�D�PLFURZDYH�OLQH��RU�D�SDUW�RI�LW��FDQQRW�
EH�FDOLEUDWHG��DV�LQ�WKH�FU\RJHQLF�VFHQDULR�DERYH�GHSLFWHG��
:H�GHVLJQHG�DQ�³RSHQ´� W\SH�+�&�UHVRQDWRU�RSHUDWLQJ�DW�
URRP�WHPSHUDWXUH��:H�XVHG�SKDVH�VWDEOH�PLFURZDYH�FDEOHV�
ZLWK�IHPDOH�IHPDOH��)�)��FRQQHFWRUV��:H�GHVLJQHG�WKH�'5�
FHOO� WR� KDYH� WKH� UHIHUHQFH� SODQH� RI� WKH�PLFURZDYH� FDEOH�
FRQQHFWRU�QHDU� WKH�ERUGHU�RI� WKH�'5�FHOO��&RXSOLQJ�ZDV�
PDGH� E\� UHPRYDEOH� DQWHQQDV� LQVHUWHG� GLUHFWO\� LQ� WKH� )�
FRQQHFWRU��:LWK�WKLV�GHVLJQ��ZH�ZHUH�DEOH�WR�SHUIRUP�WKH�
FDOLEUDWLRQ�XS�WR�WKH�UHIHUHQFH�SODQH�RI�WKH�)�FRQQHFWRUV��
7KH�'87�FRQVLVWV�WKHUHIRUH�LQ�WKH�UHVRQDWRU�FHOO�RQO\��DV�
GHVLUDEOH� LQ� DQ� LGHDO� VHWXS�� ,Q� WKLV� ZD\�� XQFDOLEUDWHG�
PHDVXUHPHQWV� FDQ� EH� FRPSDUHG� ZLWK� FDOLEUDWHG� RQHV�
ZLWKRXW�DQ\�QRW�DFFRXQWHG�IRU�FRQWULEXWLRQV�DQG�DYRLGLQJ�
GH�HPEHGGLQJ�LVVXHV�>��@��

,Q�)LJ����WKH�VNHWFK�RI�WKH�PHDVXUHPHQW�FHOO�LV�VKRZQ��
7KH�GLHOHFWULF� UHVRQDWRU� LV� F\OLQGULFDO� DQG� ORDGHG�ZLWK� D�
VDSSKLUH�SXFN��FKRVHQ�EHFDXVH�RI�LWV�ORZ�GLHOHFWULF�ORVVHV�
DQG�KLJK�SHUPLWWLYLW\��7KH�ODWWHU�DOORZV�WR�FRQFHQWUDWH�WKH�
HOHFWURPDJQHWLF�ILHOG�ZLWKLQ�DQG�QHDU�WKH�GLHOHFWULF�SXFN��
$�PRQR�FU\VWDO� VDSSKLUH� SXFN�ZLWK� GLDPHWHU� ��PP� DQG�
KHLJKW�����PP�ZDV�XVHG��$Q�$QULWVX������'�91$�ZLWK�
���FP� SKDVH� VWDEOH� $QULWVX� FDEOHV� ZDV� XVHG� IRU�
PHDVXUHPHQWV�DQG�FRQQHFWLRQV���

:H�DUH�LQWHUHVWHG�LQ�WKH�HYDOXDWLRQ�RI�WKH�XQFHUWDLQW\�
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LQ� WKH� PHDVXUHPHQWV� RI� WKH� UHVRQDWRU� SDUDPHWHUV� ZLWK�
GLIIHUHQW�TXDOLW\�IDFWRUV�Q��:H�WKHQ�GHVLJQHG�D�V\VWHP�IRU�
PHDVXUHPHQWV� LQ� D�ZLGH� UDQJH� RI�Q�IDFWRUV� LQ� WKH� VDPH�
FRQGLWLRQV�� ZKLFK� LQFOXGH�� LQ� SDUWLFXODU�� WKH� IUHTXHQF\�
UDQJH�RI�RSHUDWLRQ�RI�WKH�'5��

,Q�RUGHU� WR�FKDQJH� WKH�Q�YDOXHV�RI� WKH�UHVRQDWRU� LQ�D�
FRQWUROOHG�ZD\��ZH�ERWK�VXEVWLWXWHG�WKH�EDVHV�XVLQJ�PHWDOV�
ZLWK�GLIIHUHQW�UHVLVWLYLWLHV�DQG�FKDQJHG�WKH�SRVLWLRQ�RI�WKH�
XSSHU�EDVH�DQG�WKXV�WKH�KHLJKW�RI�WKH�FRUUHVSRQGLQJ�JDS�RI�
WKH�'5��%\�ILQH�WXQLQJ�WKH�ODWWHU��ZH�ZHUH�DEOH�WR�NHHS�WKH�
UHVRQDQW�IUHTXHQF\�ZLWKLQ�D�FKRVHQ�IL[HG�UDQJH���

�
Fig. 1 Variable-Q resonant cell.  
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Q�DQG�f��DUH�LPSRUWDQW�SURSHUWLHV�RI�D�UHVRQDWRU��$V�DQ�
H[DPSOH��ZKHQ�D�UHVRQDWRU�LV�XVHG�WR�GHWHUPLQH�WKH�VXUIDFH�
LPSHGDQFH�RI�D�PDWHULDO�� WKH�TXDOLW\�RI�PHDVXUHPHQWV�RI�
WKH�VXUIDFH�LPSHGDQFH�ZV RV�L�XV�E\�WKH�UHVRQDQW�PHWKRG�
GHSHQGV�GLUHFWO\�RQ�f��DQG�Q��8VXDOO\��WKH�YDULDWLRQ�RI�WKH�
VXUIDFH� LPSHGDQFH� ZLWK� VRPH� H[WHUQDO� SDUDPHWHU� LV�
REWDLQHG� H[SHULPHQWDOO\�� ZKLOH� WKH� GHWHUPLQDWLRQ� RI� WKH�
DEVROXWH�YDOXH�RI�ZV� LV� D�PRUH� FRPSOH[� LVVXH�GXH� WR� WKH�
DEVHQFH� RI� WKH� UHIHUHQFH� PDWHULDO� ZLWK� NQRZQ� XV�� 7KH�
UHODWLRQ� EHWZHHQ� ZV� DQG� UHVRQDQW� SDUDPHWHUV� LV� WKH�
IROORZLQJ�>��@��
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ZKHUH�G�LV�WKH�FRQVWDQW�FDOOHG�JHRPHWULFDO�IDFWRU��DQG�WKH�
EDFNJURXQG� ³EJ´� LV� WKH� FRQWULEXWLRQ� RI� WKH� UHVRQDWRU�
ZLWKRXW� WKH� VDPSOH�� )URP� (T����� LW� LV� FOHDU� KRZ� WKH�
XQFHUWDLQW\�RI�ZV�RULJLQDWHV�PDLQO\�IURP�u�Q���Q���u�f���DQG�
f�� �u�G��� DV� REWDLQHG� E\� VLPXODWLRQ�� LV� XVXDOO\� ������
ZKHQFH�WKH�LQWHUHVW�LQ�WKH�HVWLPDWH�RI�u�Q��DQG�u�f�����

,Q�D�UHVRQDWRU�ZRUNLQJ�LQ�WUDQVPLVVLRQ�f��DQG�Q�FDQ�EH�
REWDLQHG� EDVHG� RQ� WKH� PHDVXUHPHQWV� RI� WKH� FRPSOH[�
YDOXHG� WUDQVPLVVLRQ� FRHIILFLHQW� �S�����:KLOH� SUHOLPLQDU\�
HVWLPDWHV�IRU�Q�DQG� f��FDQ�EH�REWDLQHG�E\�WKH�VR�FDOOHG��
�G%� PHWKRG�� D� PRUH� SUHFLVH� DSSURDFK� LV� WR� XVH� DQ�
DSSURSULDWH�ILW�RI�WKH�UHVRQDQFH�FXUYH��,Q�>��@�LW�ZDV�VKRZQ�

WKDW� D� /RUHQW]LDQ� FXUYH� FDQ� EH� XVHG� WR� ILW� WKH� IXQFWLRQ�
_S��_�f��RQO\� IRU� ³LGHDO´� FDVH��7KH� UHDO� UHVRQDWRU� LQFOXGHV�
FRUUHFWLRQV� FRQQHFWHG� WR� FURVV�FRXSOLQJ� DQG� SKDVH�
FRQWULEXWLRQV�� 7KH� UHVRQDQFH� FXUYH� FDQ� EH� GHVFULEHG�
WKURXJK�WKH�IROORZLQJ�JHQHUDO�HTXDWLRQ��³)DQR�UHVRQDQFH�
PRGHO´�>��@��ZLWK�D�SKDVH�FRUUHFWLRQ��
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ZKHUH� S���f��� LV� WKH� WUDQVPLVVLRQ� 6�SDUDPHWHU� DW� WKH�
UHVRQDQW� IUHTXHQF\�� Sc� UHSUHVHQWV� WKH� FRQWULEXWLRQ�
RULJLQDWHG� IURP� WKH� FURVV�FRXSOLQJ� DQG�AÜ� �LV� WKH� SKDVH�
FRUUHFWLRQ��

7KHUH�LV�D�KXJH�QXPEHU�RI�PHWKRGV�IRU�WKH�H[WUDFWLRQ�
RI�f��DQG�Q�IURP�WKH�H[SHULPHQWDO�GDWD�>��@��$�ZLGHO\�XVHG�
PHWKRG�LV�WKH�VR�FDOOHG�FLUFXODU�ILW�DSSURDFK�>��@��EXW�LW�LV�
DOVR� SRVVLEOH� WR� XVH� D� FRPSOH[�YDOXHG� PRGLILFDWLRQ� RI�
/HYHQEHUJ�0DUTXDUGW� DOJRULWKP� WR� ILW� WKH� FRPSOH[� S���
>��@�� +RZHYHU�� FRPSOH[�YDOXHG� ILWWLQJ� UHTXLUHV� PRUH�
FDOFXODWLRQ� SRZHU� DQG� FXVWRP� DOJRULWKPV�� $GGLWLRQDO�
FRPSOH[LWLHV� DULVH� ZKHQ� WKH� XQFHUWDLQW\� RI� WKH� ILWWLQJ�
SDUDPHWHUV�PXVW�EH�HVWLPDWHG��)URP�WKLV�SRLQW�RI�YLHZ�WKH�
ILW�RI� WKH�PRGXOXV�RI�S���UHPDLQV�PRUH�DFFHVVLEOH�GXH� WR�
DOUHDG\�LPSOHPHQWHG�DOJRULWKPV�LQ�SRSXODU�SURJUDPPLQJ�
ODQJXDJHV�VXFK�DV�3\WKRQ�DQG�0$7/$%�>��@��8VLQJ�WKH�
ILW�RI� _S���f�_�RQH�FDQ� LPSOHPHQW� D� ILWWLQJ�SURFHGXUH�ZLWK�
FKHDS�FRPSXWHUV�OLNH�WKH�5DVSEHUU\�3L��_S���f�_�LV�REWDLQHG�
IURP�(T�����DV��
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7KH� ILWWLQJ� DOJRULWKP� LQFOXGH� WKHQ� �� LQGHSHQGHQW�
SDUDPHWHUV��

�,9�� 0($685(0(17�352&('85(�

,Q�WKLV�VHFWLRQ��ZH�SUHVHQW�DQ�H[WHQGHG�HODERUDWLRQ�RI�
WKH�PHDVXUHPHQW�SURFHGXUH�SUHVHQWHG�LQ�>�@��7KH�DLP�ZDV�
WR� FRPSOHWH� WKH� HVWLPDWH� RI� WKH� XQFHUWDLQW\� RI� WKH�
PHDVXUHPHQWV� RI� WKH� FKDUDFWHULVWLF� SDUDPHWHUV� RI� D�
UHVRQDWRU� IRU� XQFDOLEUDWHG�PHDVXUHPHQWV�� LQFOXGLQJ� DOVR�
WKH�UHVRQDQW�IUHTXHQF\��

:H�SHUIRUPHG�H[SHULPHQWDO�PHDVXUHPHQWV� LQ� D�ZLGH�
UDQJH� RI� Q� IDFWRU�� ZLWK� YHU\� VPDOO� YDULDWLRQV� RI� RWKHU�
FRQWUROOHG�SDUDPHWHUV�RI�WKH�UHVRQDQW�V\VWHP��7KH�LQWHUHVW�
LV� WKH� FRPSDULVRQ� EHWZHHQ� WKH�Q� DQG� f�� PHDVXUHPHQWV�
REWDLQHG�ZLWK�DQG�ZLWKRXW�WKH�91$�FDOLEUDWLRQ��

)LUVW��ZH�IL[HG�WKH�FDOLEUDWLRQ�LQ�WKH�QDUURZ�IUHTXHQF\�
EDQG� ������������*+]�� FKRVHQ� WR� DFFRPPRGDWH� DOO� WKH�
Q�YDU\LQJ�UHVRQDQW�FXUYHV�WR�EH�PHDVXUHG�ZLWK�VXIILFLHQW�
IUHTXHQF\�SRLQWV�GHQVLW\��ZLWK������FDOLEUDWHG�SRLQWV��WKH�
PD[LPXP�QXPEHU�RI�GDWD�SRLQWV�IRU�WKH�$QULWVX������'�

99



91$��� 7KH� FDOLEUDWLRQ� ZDV� SHUIRUPHG� E\� WKH� VWDQGDUG�
���WHUP� 62/7� �6KRUW�2SHQ�/RDG�7KUX�� FDOLEUDWLRQ�
SURFHGXUH�E\�WKH�DOJRULWKPV�LQFRUSRUDWHG�LQ�91$��+HUH��
IRU�WKH�H[SHULPHQWDO�PHDVXUHPHQWV��ZH�IROORZHG�$QULWVX�
�����'�91$�FDOLEUDWLRQ�JXLGH���

7KHQ�� UHVRQDQFH� FXUYHV�ZHUH� UHFRUGHG�ZLWK�4�IDFWRU�
YDULHG� LQ� WKH� UDQJH������±�������7R�REWDLQ� VXFK�D�ZLGH�
UDQJH�RI�Q�ZLWK�WKH�VDPH�VHWXS�ZH�FKDQJH�WKH�DLU�JDS�DQG�
ZH�XVH�GLIIHUHQW�PHWDOV�IRU�WKH�EDVHV��DV�H[SODLQHG�EHIRUH��
7KH� JDS�� FRQWUROOHG� E\� RQO\� RQH� PRYDEOH� SDUW� RI� WKH�
UHVRQDWRU�FHOO±�WKH�XSSHU�EDVH��6HH�)LJ������DOORZHG�WR�WXQH�
WKH�RSHUDWLQJ�UHVRQDQFH�IUHTXHQF\�WR�EH�DOZD\V�ZLWKLQ�WKH�
³FDOLEUDWHG´�IUHTXHQF\�UDQJH���

)RU� HDFK� IL[HG� SRVLWLRQ� RI� WKH� XSSHU� EDVH�� WZR�
PHDVXUHPHQWV� ZHUH� SHUIRUPHG�� ZLWK� DQG� ZLWKRXW�
FDOLEUDWLRQ�DSSOLHG��,Q�)LJ����DQ�H[DPSOH�RI�WKH�PHDVXUHG�
FDOLEUDWHG�DQG�XQFDOLEUDWHG�UHVRQDQW�FXUYH�LV�VKRZQ��7KH�
GLIIHUHQFH� LV� LPPHGLDWHO\� DSSUHFLDWHG�� FRQILUPLQJ� WKH�
QHHG�WR�DVVHVV�WKH�TXDOLW\�RI�DQ�XQFDOLEUDWHG�PHDVXUHPHQW�
HYHQ�IRU�D�UHVRQDQW�GHYLFH��QDwYHO\��RQH�FRXOG�H[SHFW�WKDW�
UHVRQDQW�V\VWHPV�DUH�VXIILFLHQWO\�QDUURZEDQG�WR�EH�QHDUO\�
LQVHQVLWLYH�WR�WKH�FDOLEUDWLRQ���

�
Fig. 2. Measured resonant curves with and without calibration 

applied. 
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$�VHULHV�RI�UHVRQDQW�FXUYHV�ZDV�UHFRUGHG��DQG�ILWV�E\�
(T�����ZHUH�DSSOLHG�WR�UDZ�GDWD�DQG�WR�FDOLEUDWHG�GDWD��&DUH�
ZDV�WDNHQ�LQ�RUGHU�WR�KDYH�VLPLODU�ILW�FRQGLWLRQV��,W�VKRXOG�
EH�QRWHG�WKDW�LQ�RXU�VLWXDWLRQ�WKH�VWHS�EHWZHHQ�PHDVXUHG�
SRLQWV�ZDV�FRQVWDQW�IRU�DOO�PHDVXUHPHQWV��6LQFH�Q�FKDQJHV�
VLJQLILFDQWO\��ZLWKRXW�SURSHU� ³QRUPDOL]DWLRQV´� WKH� ILWV�RI�
WKH�FXUYHV�ZLWK�ORZ�DQG�ZLWK�KLJK�Q�ZRXOG�KDYH�QRW�EHHQ�
LQ� WKH� VDPH� FRQGLWLRQV� IRU�ZKDW� FRQFHUQV� WKH� GHQVLW\� RI�
LQIRUPDWLRQ�SHU�LQWHUYDO���

�7KHUHIRUH��ZH�SURFHHGHG�DV�IROORZV��)LUVW��ZH�OLPLWHG�
WKH�VSDQ�RI�HDFK�FXUYH� WR�NÂf):+0��ZKHUH�Âf):+0� LV� WKH�
IXOO�ZLGWK�KDOI�PD[LPXP�IUHTXHQF\� UDQJH��DQG�N!�� LV�D�
SURSHU�PXOWLSOLFDWLYH�IDFWRU��,Q�RXU�FDVH��N�ZDV�FRQVWUDLQHG�
E\� WKH� DYDLODEOH� IUHTXHQF\� UDQJH� RI� WKH� FDOLEUDWLRQ� DQG�
KHQFH�VHW�HTXDO�WR����7KH�UHVXOWLQJ�FXUYHV��KDYLQJ�GLIIHUHQW�
IUHTXHQF\�VSDQV�ZLWK�IUHTXHQF\�SRLQWV�HYHQO\�VSDFHG��KDG�
DW�WKLV�VWHS�GLIIHUHQW�QXPEHUV�RI�SRLQWV��(DFK�VHW�ZDV�WKHQ�
WULPPHG�XQLIRUPO\��LQ�RUGHU�WR�KDYH�DV�PXFK�DV�SRVVLEOH�

WKH�VDPH�DPRXQW�RI�HYHQO\�VSDFHG�GDWD�SRLQWV��$V�D�UHVXOW��
LQ�WKH�UDQJH�RI�Q ����������ZH�REWDLQHG�WKH�ILQDO�VHW�RI�
WKH�UHVRQDQW�FXUYHV�� WULPPHG�DQG�ZLWK�VDPH�LQIRUPDWLRQ�
GHQVLW\��ZLWK� VSDQ�wÂf):+0� DQG�GDWD�SRLQWV� LQ� WKH� UDQJH�
���������:H� QRZ� GLVFXVV� WKH� HODERUDWLRQ� RI� WKLV� VHW� RI�
FXUYHV��

5HVRQDQW�FXUYHV�ZHUH�ILWWHG�XVLQJ�(T������,W�VKRXOG�EH�
QRWHG�WKDW�WKH�XQFHUWDLQW\�u�_S��_��FRXOG�EH�HVWLPDWHG�RQO\�
IRU�WKH�FDOLEUDWHG�FXUYH�>�@��DFFRUGLQJ�H�J��WR�WKH�HVWLPDWHV�
JLYHQ� E\� WKH� ³([DFW�8QFHUWDLQW\�&DOFXODWRU´� SURSULHWDU\�
VRIWZDUH� WRRO�E\�$QULWVX� >��@� �DOWKRXJK�DOWHUQDWLYH� WRROV�
OLNH� LQ� >��@� FRXOG� EH� XVHG��� 7KLV� WRRO� HVWLPDWHV�
DXWRPDWLFDOO\�XQFHUWDLQWLHV�IRU�DOO�6�SDUDPHWHUV�WDNLQJ�LQWR�
DFFRXQW�WKH�FKDUDFWHULVWLFV�RI�WKH�91$��FDEOHV��FRQQHFWRUV�
DQG�FDOLEUDWLRQ�NLW��7KH�ZRUVW�FDVH�RI�XQFHUWDLQW\�RQ�S����LQ�
WKH� FRQGLWLRQV� RI� WKLV� VWXG\�� LV� ���� IRU� FDOLEUDWHG�
PHDVXUHPHQWV��)RU�XQFDOLEUDWHG�FXUYHV�]HUR�XQFHUWDLQW\�LQ�
_S��_�KDG�WR�EH�XVHG��

$�ZLGHO\�XVHG�/HYHQEHUJ�0DUTXDUGW�>��@�ILW�DOJRULWKP�
LPSOHPHQWDWLRQ�LQ�3\WKRQ�SURYLGHV�D�YDULDQFH�YHFWRU�RI�WKH�
ILW�SDUDPHWHUV�WKURXJK�WKH�QXPHULFDOO\�FDOFXODWHG�-DFRELDQ�
�PRUH� GHWDLOV� FDQ� EH� IRXQG� LQ� UHI�� >���� ��@��� Q� DQG� f��
XQFHUWDLQWLHV� ZHUH� HVWLPDWHG� DV� WKH� VTXDUH� URRW� RI� WKH�
FRUUHVSRQGLQJ�ILWWLQJ�SDUDPHWHUV�YDULDQFHV��0RUHRYHU��DV�
D� FRQVHTXHQFH� RI� WKH� QRQ�DSSOLFDWLRQ� RI� WKH� FDOLEUDWLRQ��
V\VWHPDWLF�HIIHFWV�DV�VLJQLILFDQW�VRXUFHV�RI�XQFHUWDLQW\�DUH�
H[SHFWHG��7KXV��ZH�GHILQH�DV�D�PHDVXUH�RI�WKLV�XQFHUWDLQW\�
WKH� GLVFUHSDQF\� EHWZHHQ� WKH� UHVRQDQW� SDUDPHWHUV� DV�
GHULYHG�E\�WKH�ILWWLQJ�RI�FDOLEUDWHG�DQG�XQFDOLEUDWHG�FXUYHV��
7KH� GLVFUHSDQF\� RI�Q� FRXOG� EH� GHILQHG� DV� WKH� UHODWLYH�
YDULDWLRQ� EHWZHHQ�Q� REWDLQHG� IURP� FDOLEUDWHG� �QFDO�� DQG�
XQFDOLEUDWHG� �QXQFDO�� GDWD�� �QXQFDO� �� QFDO��QFDO�� )RU� f�� WKH�
GLVFUHSDQF\� LV� GHILQHG� LQ� WKH� VDPH� PDQQHU� DV�
�f��XQFDO���f��FDO��f��FDO� ZKHUH� f��XQFDO� DQG� f��FDO� DUH� WKH� UHVRQDQW�
IUHTXHQFLHV� REWDLQHG� E\� WKH� ILW� RI� XQFDOLEUDWHG� DQG�
FDOLEUDWHG�FXUYHV��UHVSHFWLYHO\��

,Q� )LJ�� �� DQG� )LJ�� �� WKH� UHODWLYH� XQFHUWDLQWLHV� RI�
Q�IDFWRUV�DQG�UHVRQDQW�IUHTXHQFLHV�f0�DUH�VKRZQ���

�
Fig. 3. Relative uncertainty on calibrated Q–factor compared to 

the systematic error (Quncal - Qcal)/Qcal.  
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7KH� XQFHUWDLQWLHV� RI� WKH� XQFDOLEUDWHG� PHDVXUHPHQWV��
ZLWK� u�_S��_�� ���� LQFOXGH� RQO\� WKH� FRQWULEXWLRQ� RI� WKH�
XQFHUWDLQW\�RI�WKH�ILW�DOJRULWKP���

�
Fig. 4.  Relative uncertainty on calibrated resonant frequency 

compared to the systematic error (f0,uncal - f0,cal)/ f0,cal.  

)RU�Q�IDFWRU�WKH�UHODWLYH�XQFHUWDLQW\�u�Q��Q� LV�EHORZ�
��������IRU� I�� WKH�XQFHUWDLQW\�u�f���f�� LV�EHORZ������SSP��
&RQVLGHULQJ� WKH� FDOLEUDWHG� YDOXHV� RI� u�_6��_��� WKH�
XQFHUWDLQW\� RI� Q� DQG� f�� EHFRPH� u�Q��Q��������� DQG�
u�f���f������SSP���

$V� IDU� DV� WKH� V\VWHPDWLF� HIIHFWV� DUH� FRQFHUQHG�� WKH�
FRPSDULVRQ�RI� WKH� ILW�SDUDPHWHUV�EHWZHHQ�FDOLEUDWHG�DQG�
XQFDOLEUDWHG�FDVHV�\LHOGV�PHGLDQ�YDOXHV�HTXDO� WR��������
IRU� WKH� GLVFUHSDQF\� LQ�Q� DQG� HTXDO� WR� ����SSP� IRU� WKH�
GLVFUHSDQF\�LQ�f���,W�KDV�WR�EH�QRWHG�WKDW�GLVFUHSDQFLHV�FDQ�
EH�ERWK�SRVLWLYH�DQG�QHJDWLYH��,Q�)LJXUHV���DQG���ERWK�WKH�
GLVFUHSDQFLHV� �LQ�PRGXOXV�� DQG� WKHLU�PHGLDQ� DUH� VKRZQ��
&RQVLGHULQJ� WKH�ZRUVW�FDVH�YDOXHV�DV� WKH�HVWLPDWH�RI� WKH�
PD[LPXP� V\VWHPDWLF� FRQWULEXWLRQ� WR� XQFHUWDLQW\�� ZH�
REWDLQ�YDOXHV�HTXDO�WR�������IRU�Q�DQG����SSP�IRU�f����

�9,�� &21&/86,216�

:H�SHUIRUPHG�DQ�H[WHQGHG�VWXG\�RQ�WKH�PHDVXUHPHQW�
XQFHUWDLQW\�RQ� WKH�Q�IDFWRU�DQG�UHVRQDQW� IUHTXHQF\� f��RI�
PLFURZDYH�UHVRQDWRU��DULVLQJ�ZKHQ�WKH�PLFURZDYH�OLQH�LV�
QRW� FDOLEUDWHG�� %\� H[SORULQJ� D� ZLGH� UDQJH� RI�Q�IDFWRUV��
PDGH� SRVVLEOH� E\� WKH� LPSOHPHQWDWLRQ� RI� DQ� DG�KRF�
UHVRQDWRU� FHOO�� ZH� FRPSDUHG� WKH� UHVXOWV� REWDLQHG� ZLWK�
FDOLEUDWHG� DQG� XQFDOLEUDWHG� GDWD�� $IWHU� SURSHU�
³QRUPDOL]DWLRQV´� RI� WKH� GDWD� VHWV�� LQ� WHUPV� RI� IUHTXHQF\�
VSDQV�DQG�SRLQWV�QXPEHU��ZH�GLVFRYHU� WKDW�ZKLOH� IRU� WKH�
FDOLEUDWHG�FXUYHV�WKH�XQFHUWDLQW\�LV�EHORZ�������IRU�Q�DQG�
EHORZ� ��SSP� IRU� f��� LQ� WKH� XQFDOLEUDWHG�PHDVXUHPHQWV� D�
V\VWHPDWLF� FRQWULEXWLRQ� LV� GRPLQDQW�� %\� HVWLPDWLQJ� WKLV�
FRQWULEXWLRQ�IURP�WKH�GLVFUHSDQF\�EHWZHHQ�WKH�ILW� UHVXOWV�
RI� FDOLEUDWHG� DQG� XQFDOLEUDWHG� GDWD�� ZH� REWDLQ� DQ�
H[SHULPHQWDO�TXDQWLILFDWLRQ�RI�WKH�V\VWHPDWLF�FRQWULEXWLRQ�
HTXDO� WR� ������ IRU�Q� DQG� ���SSP� IRU� f��� � 7KHVH� UHVXOWV�
SURYLGH� D� JXLGH� IRU� WKH� HYDOXDWLRQ� RI� WKH� XQFHUWDLQW\�
FRQWULEXWLRQ�WR�EH�WDNHQ�LQWR�DFFRXQW�ZKHQ�FDOLEUDWLRQ�RI�

PLFURZDYH�OLQHV�VLPLODU�WR�WKH�RQH�VWXGLHG�DUH�QRW�IHDVLEOH��
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