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1. INTRODUCTION 

Analog to-digital converters (ADCs) are fundamental in 
today’s applications as they translate real-world signals, with the 
information they encode, into digital words that are easy to store 
and transmit due to their robustness to the presence of noise. 
Just to mention a few examples, we can refer to the use in 
telecommunications [1] where they convert voice and image 
into digital signals that can be transmitted over digital networks. 
Also, in industrial automation [2], environment monitoring [3] 
and automotive applications [4] they are crucial for measuring 
physical processes like temperature, pressure, and a myriad of 
other quantities from the real world. 

As such, testing ADCs is essential for accessing their 
accuracy and performance, not only in production environment, 
when they leave the factory, but also during their lifetime to 
guarantee their reliability, longevity, and compliance with 
standards. The performance evaluation, which is essential in 
informing the ADC design [5], can be carried out using many 
different parameters, like signal to noise ratio, effective 
resolution, linearity, and dynamic range, for example. This work 

focuses specifically on the evaluation of differential nonlinearity 
(DNL) which is a metric that compares the actual code bin 
widths of the ADC transfer function with the ideal one [6]-[10]. 
There are, nonetheless, other ADC metrics that relate to 
linearity [11]-[13] and other parameters like gain and offset error 
[14] that are also important. 

Determining the DNL of an ADC provides insight into 
accuracy and integrity of the conversion process, especially in 
the case of signals that do not change significantly. In high 
resolution medical imaging systems, poor DNL can introduce 
artifacts and distortions, degrading image quality and potentially 
leading to incorrect diagnoses or scientific observations. In 
digital audio processing, poor DNL can lead to quantization 
errors, resulting in audible artifacts such as noise or harmonic 
distortion in the audio signal. Just to give another example, in 
control systems in industrial automation and robotics that use 
feedback control loops, poor DNL can introduce errors in 
sensor readings, leading to incorrect control actions, reduced 
system stability, and performance. 

The lack of good differential linearity often leads to a 
distortion in the signals converted. An instance where this is 
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particularly noticeable is in the conversion of audio signals 
where the distortion introduced by a poor differential 
nonlinearity can lead to unnatural or undesirable sounds. Poor 
DNL can cause the noise floor to modulate unpredictably with 
changes in signal amplitude, leading to audible artifacts such as 
quantization noise modulation. Accurate stereo imaging and 
spatial localization of sound sources depend on the left and right 
channels of stereo audio recording and playback systems being 
precisely matched. Unbalanced or distorted channels can be 
introduced by poor DNL, which can alter how audio sources 
are perceived to be wide, deep, and positioned within the stereo 
field. As a result, you can have a less engaging listening 
experience. 

In image related applications, subpar DNL in ADCs can 
jeopardize the picture and video data's accuracy, quality, and 
visual integrity. Colour reproduction errors, contrast and detail 
loss, image processing artifacts, moiré patterns and aliasing 
effects, colour banding and posterization, and inaccurate 
motion depiction are some examples of how this can appear. 
These impacts have the potential to lower the overall visual 
quality and realism of photos and films in a variety of contexts, 
such as broadcasting, medical imaging, photography, 
videography, and surveillance. When more than one signal is 
present this can also contribute to intermodulation distortion.  

The presence of non-ideal phenomena like additive noise 
[15], frequency error [16], jitter [17] and phase noise [18], [19], 
for example, will affect the number of counts of the histogram 
in a random way leading to estimation uncertainty. Of course, 
phase noise and jitter also affect the bias and precision of other 
test methods like the ones based on least squares fitting of data 
points [20], [21]. Even in the case of the code density test, 
subject of this work, other stimulus signal shapes, besides a 
sinewave, can be used [22]-[24]. 

In this work, in particular, we focus on the effect that the 
presence of phase noise has on the precision of DNL 
estimation. An analytical expression that relates the DNL 
estimation standard deviation, with the phase noise standard 
deviation and the number of samples acquired, is presented. 
This expression allows for an engineer to choose the proper 
number of samples to use, given a certain amount of phase noise 

present, in order to reach a desired level of precision in the 
estimated values of DNL. On the other hand, after the ADC 
test has been carried out, when specifying the estimated DNL 
values, it is important to add a confidence interval, that is, a 
numerical range of values inside which the actual value of the 
DNL is believed to be, with a given probability (confidence 
level). 

2. THE CODE DENSITY TEST 

Different metrics can be used to characterize the 
performance of an ADC. The one which is addressed in the 
work is the transfer function of the ADC, that is, the relation 
between analogue input and digital output. In Figure 1 we see 
an example of the transfer function for a 4-bit ADC. In practice 
more bits are used, which range typically from 8 to 32, but 4 is 
enough for illustration purposes. 

In this figure the horizontal axis represents the input signal 
range, usually a voltage, from -FS to FS (“full-scale”). In the 
vertical axis we can observe the digital output codes. There are 

2𝑛𝑏 output codes in a 𝑛𝑏-bits ADC. They are numbered from 0 

to 2𝑛𝑏 − 1. The transfer function is thus a step-wise one since 
only a discrete set of output codes is possible. The transition 

voltage 𝑇𝑘 represents the value of the input voltage that lies in 

the transition between output code 𝑘 − 1 and output code 𝑘. 
A common way to characterize an ADC is to use the Code 

Density Test, also known as the Histogram Test. In this test 

method a periodic stimulus signal with frequency 𝑓 is applied, 
usually a sinewave but other stimulus signals, like triangular or 
ramp waves, for example, have been used [7], [8], [25]. A given 

number of samples (𝑀) are acquired at a sampling rate 𝑓𝑠, and 
the resulting digital output codes are collected and used to build 
a histogram where each bin has a value corresponding to the 
number of samples with that output code (“number of counts”). 
It is more common to compute the cumulative histogram which 
has in each bin the number of counts with a given output code 
or lower. These are illustrated in Figure 2. 

The number of samples in each bin is then counted and used 
to estimate the ADC properties. The ADC transition voltages, 
for example, are estimated using the cumulative histogram using 

𝑇̂𝑘 = 𝐶 − 𝐴 ⋅ cos (π
𝑐𝑘−1

𝑀
)  ,   𝑘 = 1, 2, . . . , 2𝑛𝑏 − 1 , (1) 

where 𝐶 is the sinusoidal stimulus signal offset, 𝐴 is the stimulus 

signal amplitude, 𝑐𝑘 is the number of counts of bin 𝑘 of the 

cumulative histogram and 𝑀 is the total number of samples 
acquired. Using those voltages, we can also compute the code 
bin widths using 

𝑊̂𝑘 = 𝑇̂𝑘+1 − 𝑇̂𝑘    ,   𝑘 = 1, 2, . . . , 2nb − 2 . (2) 

Note that these widths ideally would have the value 𝑄 given by 

𝑄 =
2 ⋅ 𝐹𝑆

2𝑛𝑏
 . (3) 

If the ADC had an ideal behaviour, the transition voltages 
would be given by 

𝑇𝑘
ideal = −𝐹𝑆 + 𝑄 ⋅ 𝑘 ,   𝑘 = 1, 2, . . . , 2𝑛𝑏 − 1. (4) 

If the actual transition voltages differed from the ideal ones just 
by a multiplicative and one additive factor so that: 

𝑇𝑘
ideal = 𝐺 ⋅ 𝑇𝑘 + 𝑉os ,   𝑘 = 1, 2, . . . , 2𝑛𝑏 − 1 , (5) 

 

Figure 1. Example of a transfer function of an ADC with 4 bits (nb = 4). This 
represents the digital output code as a function of the ADC input voltage in 
the range -FS to FS. The transition voltages are represented by Tk and the 
code bin widths by Wk. The ideal code bin width is Q. 
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then all the code bin widths would be the same, albeit with a 

value different from 𝑄 because of the gain 𝐺. Note that we use 

in the case of the transition voltages, as an example, 𝑇𝑘
ideal for 

the ideal value, 𝑇𝑘 for the real value and 𝑇̂𝑘 for the estimated 
value. The fact that in practice all the code bin widths are 
different from each other (and the ideal value) is what is 
described by the differential non-linearity parameter: 

𝐷𝑁𝐿̂𝑘 =
𝐺 ⋅ 𝑊̂𝑘 − 𝑄

𝑄
   ,   𝑘 = 1, 2, . . . , 2𝑛𝑏 − 2 . (6) 

The DNL is thus estimated from the number of counts of 
the cumulative histogram. Because of random effects, each time 
a signal acquisition is made, the sample values obtained are 
different and so will the estimated DNL values. In this work we 
study their standard deviation as a function of phase noise 
standard deviation. 

Here we consider that the randomness of the sample codes 
arises only due to the presence of phase noise in the stimulus 
signal. This noise is considered normally distributed with a 

variance 𝜎𝜃
2. This will lead to the estimated DNL values also 

being random, with a normal distribution and with a variance 
that we will determine next. 

In the past a similar type of study has been carried out for 
other sources of non-ideal behaviour like additive noise [26]. 
Regarding the presence of phase noise, it has been shown in the 
past [27] that this test method is not biased by the presence of 
phase noise. The joint effect of the simultaneous presence of 
phase noise and additive noise has been considered in [28]. 

3. VARIANCE OF THE NUMBER OF COUNTS OF THE 
HISTOGRAM 

The presence of phase noise in the test setup is described 

mathematically using variable 𝜃 in the expression the voltage of 
the acquired samples: 

𝑣𝑗 = 𝐶 + 𝐴 ⋅ cos(2 π 𝑓 ⋅ 𝑡𝑗 + 𝜑 + 𝜃) ,   

𝑗 = 0, 1, … , 𝑀 − 1 , 
(7) 

where 𝐶 is the offset, 𝐴 is the amplitude, 𝑓 is the frequency and 

𝜑 is the initial phase of the sinewave in the absence of phase 

noise described by 𝜃. In this case the 𝑀 samples are acquired at 
a constant rate. In order to ease the presentation, we introduce 
the normalized sample voltage using: 

𝑦𝑗 =
𝑣𝑗 − 𝐶

𝐴
= cos(2 π 𝑓 ⋅ 𝑡𝑗 + 𝜑 + 𝜃) , 

𝑗 = 0, 1, . . . , 𝑀 − 1 

(8) 

and the ideal phase of each sample (without phase noise) using: 

𝛾𝑗 = 2 π 𝑓 ⋅ 𝑡𝑗 + 𝜑  ,  𝑗 = 0, 1, . . . , 𝑀 − 1 . (9) 

We can thus write the normalized sample voltage as a simple 
function of the normalized phase and the amount of phase 
noise: 

𝑦𝑗 = cos(𝛾𝑗 + 𝜃)   ,  𝑗 = 0, 1, . . . , 𝑀 − 1 . (10) 

As mentioned before, we are considering the case of a 
normally distributed phase noise with a probability density 

function that we are going to represent by 𝑔𝜃. The sample 

voltage, given by 𝑦𝑗 , is thus also a random variable with 

probability function given by 

𝑔𝑦𝑗
(𝑦|𝛾𝑗) = ∑

𝑔𝜃(𝜃𝑚)

√1 − 𝑦2

∞

𝑚=−∞

 , (11) 

where 

𝑔𝜃(𝜃) =
1

𝜎𝜃 ⋅ √2 π
⋅ e

− 
𝜃

2 𝜎𝜃
2
 . (12) 

Since there are two instants with the same voltage in each 
period of the stimulus signal, we actually have 

𝑔𝑦𝑗
(𝑦|𝛾𝑗) = ∑

𝑔𝜃(𝜃1𝑚)

|𝑠′(𝜃1𝑚)|
+

𝑔𝜃(𝜃2𝑚)

|𝑠′(𝜃2𝑚)|

∞

𝑚=−∞

 , (13) 

where 𝑠′ is the stimulus signal derivative taking at the roots 
which are 

𝜃1𝑚 = acos(−𝑦) − 𝛾𝑗 + 2 π 𝑚 (14) 

and 

𝜃2𝑚 = −acos(−𝑦) − 𝛾𝑗 + 2 π 𝑚 . (15) 

Inserting them into (13), and using (12), leads to 

𝑔𝑦𝑗
(𝑦|𝛾𝑗) =

∑ [ e
−

acos(−𝑦)−𝛾𝑗+2 π 𝑚

2 𝜎𝜃
2

+e
−

− acos(−𝑦)−𝛾𝑗+2 π 𝑚

2 𝜎𝜃
2

]

∞

𝑚=−∞

𝜎𝜃 √2 π √1 − 𝑦2
 

(16) 

0 k

kh

2 1bn −0  

2 1bn −
0 k

kc

M

0
 

Figure 2. Histogram on the top and cumulative histogram on the bottom for 
the case of an ADC with 4 bits. We thus have 24 = 16 bins. 
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for the probability density function of the normalized sample 
voltage. This function is represented in Figure 3 for the case of 

an ideal sample phase, 𝛾𝑗 , of 0.5 π rad (top) and 0.7 π rad 

(bottom). Note that the graph does not extend all the way up to 

a null phase noise standard deviation, 𝜎𝜃 = 0, because that 
would lead to an infinite probability density. 

Note also that the location of the peak of the probability 
density figure observed in that figure depends on the value of 

the ideal phase 𝛾𝑗 . These two graphs are similar to the ones 

shown in [29] and [30]. Actually, the next two figures shown 
here are also similar to the ones in those works by the same 
author. They are included here for completeness of this 
presentation since the mathematical derivation carried out from 
the sample voltages to the variance of the number of counts of 
the histogram is the same. 

The probability of a given sample belonging to a certain class 

𝑘 of the histogram, 𝑐𝑘 , is given by 

𝑝𝑘(𝛾𝑗) = ∫ 𝑔𝑦𝑗
(𝑦|𝛾𝑗) ⋅ d𝑦

𝑈[𝑘+1]

𝑈[𝑘]

 (17) 

where 𝑈[𝑘] and 𝑈[𝑘 + 1] are two consecutive normalized 
transition voltages. 

It is thus useful, at this point, to introduce a random variable 

𝑤𝑘 , with a binomial distribution that takes the value 1 if a 

sample with phase 𝛾𝑗 belongs to class 𝑘 of the histogram, and 

the value 0 if it does not. Its probability density function is thus 
given by 

𝑔𝑤𝑘
(𝑤|𝛾𝑗) = {

𝑝𝑘(𝛾𝑗)           ,   𝑤 = 1

1 − 𝑝𝑘(𝛾𝑗)   ,   𝑤 = 0
 (18) 

The average value of this binomial variable is 

𝜇𝑤𝑘|𝛾𝑗
= 𝑝𝑘(𝛾𝑗) (19) 

and its variance is 

𝜎𝑤𝑘|𝛾𝑗

2 = 𝑝𝑘(𝛾𝑗) ⋅ [1 − 𝑝𝑘(𝛾𝑗)] (20) 

With this variable in hand, we can now proceed to compute 
the statistics of the number of counts of the histogram. Starting 

with the probability density function of 𝑐𝑘 conditional on the 
ideal sample phase (sample phase without phase noise), 

𝑔ℎ𝑘
(ℎ|𝜙) = 𝑔𝑤𝑘

(𝑤|𝛾0) ∗. . .∗ 𝑔𝑤𝑘
(𝑤|𝛾𝑀−1) (21) 

we have 

𝑔ℎ𝑘
(ℎ) =

1

2 π
∫ 𝑔ℎ𝑘

(ℎ|𝜑) ⋅ d𝜑
π

−π

 (22) 

The average value of this variable is given by 

𝜇ℎ𝑘
= ∑ ℎ ⋅ 𝑔ℎ𝑘

(ℎ)

𝑀

ℎ=0

 (23) 

which, after inserting (22), leads to 

𝜇ℎ𝑘
= ∑ ℎ ⋅

1

2 π
∫ 𝑔ℎ𝑘

(ℎ|𝜑) ⋅ 𝑔𝜑(𝜑) ⋅ d𝜑
π

−π

𝑀

ℎ=0

 (24) 

where 𝑔𝜑(𝜑) is the probability density function of the initial 

phase which is considered to be uniformly distributed between 

0 and 2  

𝑔𝜑(𝜑) = {

1

2 π
 , −π < 𝜑 < π

0, otherwise .
 (25) 

Rearranging this we obtain 

𝜇ℎ𝑘
=

1

2 π
∫ [∑ ℎ ⋅ 𝑔ℎ𝑘

(ℎ|𝜑) ⋅ 𝑔𝜑(𝜑)

𝑀

ℎ=0

] d𝜑
π

−π

 . (26) 

The term in square brackets is the average of the number of 
counts of the histogram, conditional on the ideal sample phase, 
represented here by 

𝜇𝑐ℎ|𝜑 = ∑ ℎ ⋅ 𝑔ℎ𝑘
(ℎ|𝜑) ⋅ 𝑔𝜑(𝜑)

𝑀

ℎ=0

 . (27) 

We thus have, for the average of the number of counts, 

𝜇ℎ𝑘
=

1

2𝜋
∫ 𝜇ℎ𝑘|𝜑 ⋅ d𝜑

𝜋

−𝜋

 . (28) 

We can now use the fact that 

ℎ𝑘 = ∑ 𝑤𝑘

𝑀−1

𝑘=0

 , (29) 

the conditional average of the number of counts of the 
histogram can be expressed through the conditional average of 

the variable 𝑤𝑘 : 

 

Figure 3. Probability density function for the normalized sample voltage as a 
function of normalized sample voltage and phase noise standard deviation 

for two values of ideal sample phase: j = 0.5 rad (top) and j = 0.7 rad 
(bottom). 
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𝜇𝑐𝑘|𝜑 = ∑ 𝜇𝑤𝑘|𝛾𝑗

𝑀−1

𝑗=0

 . (30) 

Inserting (9) leads to 

𝜇ℎ𝑘
=

1

2 π
∫ [ ∑ 𝜇𝑤𝑘|2 π 𝜌 𝑗+𝜑

𝑀−1

𝑗=0

] d𝜑
π

−π

 . (31) 

Exchanging the integral with the summation leads to 

𝜇ℎ𝑘
= ∑ [

1

2 π
∫ 𝜇𝑤𝑘|2 π 𝜌 𝑗+𝜑 d𝜑

π

−π

]

𝑀−1

𝑗=0

 . (32) 

Note now that the conditional average of 𝑤𝑘 is a periodic 

function of the initial phase. This function has a period of 2 π. 
The term in the square bracket is thus the average value of that 
conditional average. Since all the terms in the summation are the 
same, we get 

𝜇ℎ𝑘
=

𝑀

2 π
∫ 𝜇𝑤𝑘|𝜑 d𝜑

π

−π

 . (33) 

Finally, making use of 𝜇𝑤𝑘|𝛾𝑗
= 𝑝𝑘(𝛾𝑗) leads to 

𝜇ℎ𝑘
=

𝑀

2 π
∫ 𝑝𝑘(𝜑) d𝜑 .

π

−π

 (34) 

Repeating now this derivation for the second raw moment 
of the number of counts of the cumulative histogram, we have 

𝑚2ℎ𝑘
= ∑ 𝑐2 ⋅ 𝑔𝑐𝑘

(𝑐)

𝑀

𝑐=0

 . (35) 

Inserting again (22) leads to 

𝑚2𝑐𝑘
= ∑ 𝑐2 ⋅

1

2 π
∫ 𝑔𝑐𝑘

(𝑐|𝜑) ⋅ d𝜑
π

−π

𝑀

𝑐=0

=
1

2 π
∫ [∑ 𝑐2𝑔𝑐𝑘

(𝑐|𝜑)

𝑀

𝑐=0

] ⋅ d𝜑
π

−π

 . 

(36) 

The term in the square bracket is the second raw moment 
conditional on the number of counts of the cumulative 
histogram. We can thus write 

𝑚2ℎ𝑘
=

1

2 π
∫ 𝑚2ℎ𝑘|𝜑 ⋅ d𝜑 .

π

−π

 (37) 

This second raw moment can thus be written as the sum of 
the variance with the square of the average: 

𝑚2ℎ𝑘
=

1

2 π
∫ 𝜎ℎ𝑘|𝜑

2  d𝜑
π

−π

+
1

2 π
∫ 𝜇ℎ𝑘|𝜑

2  d𝜑
π

−π

 . (38) 

Inserting now (30) and a similar expression for the variance, 
which is 

𝜎ℎ𝑘|𝜑
2 = ∑ 𝜎𝑤𝑘|2π𝜌𝑗+𝜑

2

𝑀−1

𝑗=0

 , (39) 

we get 

𝑚2ℎ𝑘
=

1

2 π
∫ [ ∑ 𝜎𝑤𝑘|2π𝜌𝑗+𝜑

2

𝑀−1

𝑗=0

] d𝜑
π

−π

+
1

2 π
∫ [ ∑ 𝜇𝑤𝑘|2π𝜌𝑗+𝜑

𝑀−1

𝑗=0

]

2

d𝜑
π

−π

 . 

(40) 

At this point it will be convenient to swap, in the first term 
of the right side, the integral with the summation: 

𝑚2ℎ𝑘
= ∑ [

1

2 π
∫ 𝜎𝑤𝑘|2π𝜌𝑗+𝜑

2  d𝜑
π

−π

]

𝑀−1

𝑗=0

+
1

2 π
∫ [ ∑ 𝜇𝑤𝑘|2π𝜌𝑗+𝜑

𝑀−1

𝑗=0

]

2

d𝜑
π

−π

 . 

(41) 

Repeating the same procedure used for the average we get 

𝑚2ℎ𝑘
=

𝑀

2 π
∫ 𝜎𝑤𝑘|𝜑

2  d𝜑
π

−π

+
1

2 π
∫ [ ∑ 𝜇𝑤𝑘|2π𝜌𝑗+𝜑

𝑀−1

𝑗=0

]

2

d𝜑 .
π

−π

 

(42) 

We can now insert (19) and (20) to obtain 

𝑚2ℎ𝑘
=

𝑀

2 π
∫ 𝑝𝑘(𝜑) d𝜑

π

−π

−
𝑀

2 π
∫ 𝑝𝑘

2(𝜑) d𝜑
π

−π

+
1

2 π
∫ [ ∑ 𝑝𝑘(2 π 𝜌 𝑗 + 𝜑)

𝑀−1

𝑗=0

]

2

d𝜑
π

−π

 . 

(43) 

We have thus an expression for the second raw moment 
which can be combined with the expression for the average of 
the number of counts of the cumulative histogram, to obtain 
the variance, 

𝜎ℎ𝑘

2 = 𝑚2ℎ𝑘
− 𝜇ℎ𝑘

2  . (44) 

Inserting thus (34) and (43) into (44) leads to 

𝜎ℎ𝑘

2 =
𝑀

2 π
∫ 𝑝𝑘(𝜑) d𝜑

π

−π

−
𝑀

2 π
∫ 𝑝𝑘

2(𝜑) d𝜑
π

−π

+
1

2 π
∫ [ ∑ 𝑝𝑘(2 π 𝜌 𝑗 + 𝜑)

𝑀−1

𝑗=0

]

2

d𝜑
π

−π

− [
𝑀

2 π
∫ 𝑝𝑘(𝜑) d𝜑

π

−π

]

2

. 

(45) 

These four terms can be regrouped into two new terms, 

𝜎ℎ𝑘

2 = 𝜇𝜎ℎ𝑘
2 + 𝜎𝜇ℎ𝑘

2  , (46) 

where 

𝜇𝜎ℎ𝑘
2 =

𝑀

2 π
∫ 𝑝𝑘(𝜑) d𝜑

π

−π

−
𝑀

2 π
∫ 𝑝𝑘

2(𝜑) d𝜑
π

−π

 (47) 

and 
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𝜎𝜇ℎ𝑘

2 =
1

2 π
∫ [ ∑ 𝑝𝑘(2 π 𝜌 𝑗 + 𝜑)

𝑀−1

𝑗=0

]

2

d𝜑
π

−π

− [
𝑀

2 π
∫ 𝑝𝑘(𝜑) d𝜑

π

−π

]

2

. 

(48) 

The two parts into which the variance of the number of 
histogram counts can be divided are observed separately in 
Figure 4 as a function of transition voltage and phase noise 
standard deviation. A small number of samples is used just to 
illustrate the behaviour of the function. In practice a much larger 
number is used.  

Note that the average of the conditional variance, illustrated 
in Figure 4, top, and given in (47), is proportional to the number 
of samples which the variance of the conditional mean, 
illustrated in Figure 4, bottom, and given by (48), is not. In the 

latter case only the number of “arcs” along 𝑈𝑚[𝑘] increases 

with number of samples 𝑀. For typical values of the number of 
samples used, which are at least in the hundreds and can often 
reach several millions, the second part of the variance of the 
number of counts of the cumulative histogram, given by (46) is 
negligible. We can thus assume 

𝜎ℎ𝑘

2 ≈ 𝜇𝜎ℎ𝑘|𝜑
2 =

𝑀

2 π
[∫ 𝑝𝑘(𝜑) d𝜑

π

−π

− ∫ 𝑝𝑘
2(𝜑) d𝜑

π

−π

] . (49) 

We represent this term in Figure 5.  

The end goal of this study is to propose a numerical 
expression for the variance of the estimated DNL that is easy to 
use. We start that by first proposing one for the variance of the 
number of counts of the histogram by observing the top image 
in Figure 5 and making some simplifications. This expression, 
heuristically derived, is 

𝜎ℎ𝑘

2 ≈ 𝑀 ⋅ min (
𝑄

√𝐴2 − 𝑇𝑘
2

,
2

π √π
𝜎𝜃), 

𝑘 = 1, 2, . . . , 2𝑛𝑏 − 1 . 

(50) 

It was obtained by combining two different expressions: one 
for the observed u-shape in the case of larger phase noise 
standard deviation values which does not depend on this value, 
and another for the smaller values of phase noise standard 
deviation that increases linearly with this value of standard 
deviation. The value given by this expression is depicted in the 
bottom of Figure 5. The difference between the actual values 
and the approximate ones are depicted in Figure 6. With eq. (50) 
in hand we can now propose a similar expression for the 
estimated code bin widths. 

4. VARIANCE OF THE DIFFERENTIAL NON-LINEARITY 
ESTIMATION 

Here we address the computation of the variance of the code 
bin widths. This follows closely the author’s PhD dissertation 

2

hk


 

2
h k




 

Figure 4. Variance of the conditional mean (top) and mean of the conditional 
variance (bottom) as a function of transition voltage and phase noise 
standard deviation for the case of 5 samples. 
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hk



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f σθ b, ( ) b0 1 e

b1−
σθ

Q


−

( )

=
Q

 mU k

 (rad)

2
hk




Approximate

 

Figure 5. Mean of the conditional variance as a function of transition voltage 
and phase noise standard deviation for the case of 200 samples. On the top 
is the actual value and in the bottom is the values given by the mathematical 
approximation proposed here. 
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[28], section 4.2.5. In the next chapter we will finally arrive at 
the variance of the estimated DNL. 

The code bin widths of the ADC under test are obtained 
from the transition voltages, through (2), which, in turn, are 
estimated from the number of counts in the cumulative 
histogram using (1). Combining these two expressions leads us 
to 

𝑊̂𝑘 = 𝐴 ⋅ cos (π 
𝑐𝑘−1

𝑀
) − 𝐴 ⋅ cos (π 

𝑐𝑘

𝑀
), 

𝑘 = 1, 2, . . . , 2𝑛𝑏 − 2 

(51) 

To compute the variance of this estimated value one should 

look at it as a function of two random variables, 𝑐𝑘−1 and 𝑐𝑘 . 
Using the expression in [31], page 156, we can write 

𝜎𝑊̂𝑘

2 ≈ (
𝜕𝑊̂𝑘

𝜕𝑐𝑘

)

2

⋅ 𝜎𝑐𝑘
2 + 2 ⋅

𝜕𝑊̂𝑘

𝜕𝑐𝑘

⋅
𝜕𝑊̂𝑘

𝜕𝑐𝑘−1

⋅ 𝑟 ⋅ 𝜎𝑐𝑘

⋅ 𝜎𝑐𝑘−1
+ (

𝜕𝑊̂𝑘

𝜕𝑐𝑘−1

)

2

⋅ 𝜎𝑐𝑘−1
2  , 

(52) 

where 𝑟 is the correlation coefficient of the variables 𝑐𝑘 and 

𝑐𝑘−1. The partial derivatives are to be taken at 𝑐𝑘 = 𝜇𝑐𝑘
 and 

𝑐𝑘−1 = 𝜇𝑐𝑘−1
. Using (51) leads to 

𝜎𝑊̂𝑘

2 ≈ [
𝐴 π

𝑀
sin (π 

𝜇𝑐𝑘

𝑀
)]

2

⋅ 𝜎𝑐𝑘
2 + 2

⋅ [
𝐴 π

𝑀
sin (π 

𝜇𝑐𝑘

𝑀
)] ⋅ [

𝐴 π

𝑀
sin (π 

𝜇𝑐𝑘−1

𝑀
)] ⋅ 𝑟

⋅ 𝜎𝑐𝑘
⋅ 𝜎𝑐𝑘−1

+ [
𝐴 π

𝑀
sin (π 

𝜇𝑐𝑘−1

𝑀
)]

2

⋅ 𝜎𝑐𝑘−1
2  

(53) 

Considering now the limit where the code bin length goes to 

0 one has 𝜇𝑐𝑘
≈ 𝜇𝑐𝑘−1

. We can thus simplify this expression to 

lim
𝑊𝑘→0

𝜎𝑊̂𝑘

2

≈ (
𝐴 π

𝑀
)

2

⋅ sin2 (π 
𝜇𝑐𝑘−1

𝑀
)

⋅ (𝜎𝑐𝑘
2 + 2𝑟 ⋅ 𝜎𝑐𝑘

⋅ 𝜎𝑐𝑘−1
+ 𝜎𝑐𝑘−1

2 ) . 

(54) 

Since 

ℎ𝑘 = 𝑐𝑘 − 𝑐𝑘−1 , 𝑘 = 1, 2, . . . , 2𝑛𝑏 − 2 , (55) 

we can replace the last parenthesis in (54) by 𝜎ℎ𝑘

2 . As such one 

gets 

lim
𝑊𝑘→0

𝜎𝑊̂𝑘

2 ≈ (
𝐴 π

𝑀
)

2

⋅ sin2 (π 
𝜇𝑐𝑘−1

𝑀
) ⋅ 𝜎ℎ𝑘

2  . (56) 

Considering that the presence of phase noise does not affect 
the mean value of the number of counts of the cumulative 
histogram. One can thus write 

lim
𝑊𝑘→0

𝜎𝑊̂𝑘

2 ≈ (
𝐴 π

𝑀
)

2

⋅ (1 − 𝑈𝑘
2) ⋅ 𝜎ℎ𝑘

2  . (57) 

Finally, considering that the DNL estimation is given by (6), 
with a unit gain, we have 

lim
𝑊𝑘→0

𝜎𝐷𝑁𝐿̂𝑘

2 ≈ (
𝐴𝜋

𝑀 ⋅ 𝑄
)

2

⋅ (1 − 𝑈𝑘
2) ⋅ 𝜎ℎ𝑘

2  (58) 

Inserting (50) leads to 

lim
𝑊𝑘→0

𝜎𝐷𝑁𝐿̂𝑘

2

≈
π2

𝑀
⋅

𝐴2 − 𝑇𝑘
2

𝑄2
⋅ min (

𝑄

√𝐴2 − 𝑇𝑘
2

,
2

π √π
𝜎𝜃),  

𝑘 = 1, 2, . . . , 2𝑛𝑏 − 1 . 

(59) 

This is the final expression proposed in this work. It allows 
one to compute the minimum number of samples to use in 
order to achieve a certain bound on the precision of the DNL 
estimation, given the amount of phase noise present. This result 
also has value a-posteriori, after the ADC test has been carried 
out, to compute the precision of the result given the test 
conditions. 

Furthermore, since the precision of the DNL estimation 
depends on the position of the output code on the transfer 

function, through 𝐴2 − 𝑇𝑘
2, we may chose the amount of 

overvoltage to use to make sure that the code widths, and DNL 
values, in the edges of the transfer function, are estimated with 
sufficient precision by using a proper amount of overdrive. 
Recall that overdrive means to use an amplitude of the 
sinusoidal stimulus signal that is larger than the ADC full scale 
range in order to guarantee that, in the event of poor accuracy 
from the function generator or gain error in the ADC, all codes 
are excited. 

It is straightforward to write equation (59) in such a way as 
to give the minimum number of samples required to achieve a 

given bound, 𝐵DNL, on the precision of the estimated DNL 
values: 

𝑀 ≥
𝜋2

𝐵DNL

⋅
𝐴2 − 𝑇max

2

𝑄2

⋅ max (
𝑄

√𝐴2 − 𝑇max
2

,
2

π √π
𝜎𝜃) , 

(60) 

where a bipolar ADC was considered where the first and last 

transition voltages are symmetric with a value 𝑇max. It is 
common to use a parameter called overdrive which represents 
the relative amount that the stimulus signal amplitude is greater 
that the higher (in absolute value) transition voltage: 

𝛼 =
𝐴

𝑇max

 . (61) 

σθ U, dif, ( )

 1U k +

 (rad)

2
hk

e


 

Figure 6. Error of the approximation used for the mean of the conditional 
variance as a function of transition voltage and phase noise standard 
deviation for the case of 200 samples. 
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Replacing 𝐴 by 𝛼 ⋅ 𝑇max in (60) leads to 

𝑀 ≥
π2

𝐵DNL

⋅ (𝛼2

− 1) (
𝑇max

𝑄
)

2

. max (
𝑄

𝑇max

⋅
1

√𝛼2 − 1
,

2

π √π
𝜎𝜃) . 

(62) 

Using 

𝑇max

𝑄
≈ 2𝑛𝑏−1 , (63) 

we can also write, for the minimum number of samples to use, 

𝑀𝑀 ≥
π2

𝐵DNL

⋅ (𝛼2 − 1) ⋅ 2(2𝑛𝑏−2)

∙ max (
1

2𝑛𝑏−1
⋅

1

√𝛼2 − 1
,

2

π √π
𝜎𝜃) , 

(64) 

which give us the minimum number of samples to use as a 
function of the bound on the DNL estimation precision, the 
number of ADC bits, the phase noise standard deviation and 
the amount of overdrive desired which ranges typically from 5% 
to10%. 

5. MONTE CARLO VALIDATION 

In order to validate the analytical expression proposed here 
to determine the precision of the DNL estimations obtained 
with the code density test of ADC, a Monte Carlo type set of 
numerical simulations were carried out. The results are 
presented in Figure 7. A simulated ADC test was repeated 2000 
times with the code density test using 200 samples in each run. 
The stimulus signal used was a sinewave with an amplitude equal 
to the ADC full scale and a frequency related to the sampling 
frequency such that the samples simulated covered exactly one 
period. The ADC simulated had 4 bits and a Full Scale range of 
±1 V. The phase noise created was normally distributed with a 
standard deviation from 0 to 0.3 rad. 

The result of this simulations show that the analytical 
expression presented guarantee an upper bound for the DNL 
standard deviation estimated (vertical error bars). In the top 
chart we see the precision for the DNL value of quantization 
level in the case of two values of phase noise standard deviation: 
0.05 rad and 0.3 rad.  

In the chart on the bottom of Figure 7, we observe the 
results as a function of phase noise standard deviation for two 
specific transfer function levels: the first one and the middle 
one. The range of values of phase noise standard deviation 
simulated is rather large. In practical conditions it is common to 
encounter an amount of phase noise with a standard deviation 
lower than0.05 rad. For those data points the error bars are 
around the theoretical values depicted with the solid lines. 

6. CONCLUSIONS 

A mathematical derivation was presented which addresses 
the problem of estimating the precision of the differential 
nonlinearity (DNL) of an analogue to digital converter (ADC) 
estimated using the code density test. The result was a new 
analytical expression proposed here that related the standard 
deviation of the DNL estimates with the test parameters, 

namely, the number of samples used, the standard deviation of 
the phase noise present, the sinusoidal stimulus signal 
amplitude, the ADC transition voltage values and ideal code bin 
width. 

The correctness of this expression was validated using a 
Monte Carlo type numerical simulation. Two principles guided 
the derivation of the mathematical equation obtained in the end: 
the accuracy of the values given by it compared with the actual 
values of DNL and the ease of use by an engineer. In particular, 
one wanted to have an expression that could be use, before a 
given test is carried out, to help choose, for example, the 
number of samples (M) that should be acquired given a bound 
on the DNL standard deviation. It was thus fundamental that 
the expression could be easily rearranged to give the number of 
samples as a function of the phase noise standard deviation and 
bound on the DNL estimation standard deviation. That was 
presented in equation (64). 

In conclusion, the content of this work is believed to be 
useful to an engineer testing ADCs using the code density test 
method. 
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Figure 7. Results of the Monte Carlo validation. On the top we have the mean 
of the conditional variance as a function of the code bin index for two phase 
noise standard deviation values: 0.05 rad (thick) and 0.3 rad (thin). On the 
bottom we have the same variance as a function of phase noise standard 
deviation for two output codes: the first one, k = 0, with the thick trace and 
the middle one, k = 8 with the thin trace. Both figures are for a 4-bit ADC with 
a full-scale range of 1 V. The stimulus signal is sinusoidal with an amplitude 
of 1.05 V (5% overvoltage) The number of samples acquired is 200 and the 
number of test repetitions carried for the Monte Carlo simulation (circles and 
error bars) is 2000. 
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