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ABSTRACT

Quiality assessment of complex objects commonly employs composite quality indicators constructed from weighted individual quality
indicators and management tools. When these variables differ in units or ranges, normalization to dimensionless values in [0, 1] is
required. This transformation yields an alternative quality model whose extremum characteristics may differ from those of the original
non-normalized model. This issue has received limited attention in the literature. The aim of this study is to analyse the effect of
parameter normalization on the extremum of a composite quality indicator. The analysis considers general quality models based on
weighted arithmetic, harmonic, geometric, and quadratic mean aggregation functions, each evaluated with and without normalization
of individual quality indicators. The results reveal that normalization affects both the location and type of the extremum, as well as the
optimal values of quality management tools, for arithmetic, harmonic, and quadratic mean convolutions. Notably, for the weighted
geometric mean, the optimal management tool value is independent of normalization, making this convolution particularly suitable for
practical quality management. These findings provide a foundation for developing dedicated back-transformation methodologies to
ensure accurate real-world application of results obtained from normalized quality models.
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1. INTRODUCTION

When assessing and predicting the quality of complex
systems, qualimetric models are frequently employed in the form
of a composite quality indicator, Q.

The corresponding functional is constructed using 7
individual quality indicators ¥; (where 1 < i < n) along with
their respective weighting coefficients K;. In this framework, the
weights satisfy the following condition:

n
K, =1. )

i=1

Each individual quality indicator Y; reflects a certain property of

the object under evaluation and may depend on m different or

identical technical, technological, or organizational management

tools X; (where 1 < j < m) [1], [2].

Examples of technical quality management tools may include the

control of an object's dimensions or weight, or both;

technological tools, on the other hand, encompass parameters
such as the speed or operational interaction of its components.
An example of organizational tools includes metrics reflecting
management impacts on the company's activities, measured in
points according to ISO 9004 [3] requirements on an interval
scale (difference scale) [4], etc.

Then, the relationship among the specified parameters, Q, Y;,
K;, and Xj, can be represented by a functional of the generalized
form [5], [0]:

Q=0 .Y ., Yis Ky, oo Kiy oo Ky 1), )
Y, = (p(Xl, oy Xjy ooy X m)' 2
Q=f(Xp o, Xjs o, Xy M5 Ky, o, Ky oo, Ky ). @

Here, ¢, @, and f denote the specific functional forms
selected by an expert based on the characteristics of the evaluated
object [6].
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Quite often, functions of form (2) cannot be explicitly
expressed. Consequently, when defining @ based on the
characteristics of the object, convenience of analysis, or the
preferences of the researcher, a specific weighted average is used
as an aggregation function [7], [8]:

- arithmetic:

n K -Y,
Qarich = o ©)
i=1

- harmonic:

Qharm - n &' (6)
Y;

Qgeom = ]__[Yi’“' | 0

®)

Qquad =

or other.

The positive or negative relationship between Y; and X;
depends on the natural properties of a particular object; hence, a
cotresponding shift in ¥; may lead to both an increase and a
decrease in the @ level, as dictated by the specific quality
management parameters of the process [6].

As a result, an extremum @,y may occur, aligning with the
target objective of object quality management. This objective is
met by identifying optimal management tool levels (Xjext),
thereby maximizing the rational value Qpqtjo within the feasible
implementation range of Y; and X;, and preventing the
minimization of Q.

Formally, the Xjoy; definition can be provided by resolving
the system of equations [9]:

90 00

: 90 _
7%, = Vi T

0; e
X,

0; 0, )
and found Xje; when substituting into functional (4) will
determine the corresponding Qeye.

The type of extremum (maximum — “wax”’, or minimum —
“min”) can be determined by one of the known methods [9]:

—by the change of sign when transitioning from the value of
the first derivative Qéx_) (denoted by a prime symbol) to
QEx+) at levels of X; slightly smaller and slightly larger than
Xjext: a change of sign from "plus" to "minus" corresponds
to the maximum of Qgy;, and from "minus" to "plus" to its
minimum; the preservation of the sign indicates the absence
of an extremum at the point Xjey;

—by the sign of the second derivative Q&Ext) (denoted by a
double prime) at the point Xjoys: a maximum for Qey is
expected if Q&ex » < 0, and its minimum if Q&Ext) > 0;

—according to direct computational analysis of Q values during
the variation of X;.

If the optimal values Xjoy; cannot be determined or fall
outside  the feasibility, alternative

limits of practical

configurations of X; within their permissible realization range
should be established to ensure the highest rational value, Qratio-
Naturally, if the global mathematical maximum Qpax is
identified, then Qratic = Qmax-

It is important to note that both individual quality indicators
Y; and management tools X; can vary in nature, dimensionality,
and range of existence. This requires models (2)—(4) to
simultaneously incorporate heterogeneous variables—such as
physical mass (in kg), length (in m), or electrical resistance (in
ohms)—alongside subjective metrics (e.g., "7 out of 10 points"
or "40 out of 100 points" on ratio or absolute scales).
Consequently, their disparate scales make direct compatison
impossible. Therefore, an essential prerequisite when forming a
convolution @ is to ensure identical dimensions and variation
ranges for all considered ¥; and X; parameters.

A common approach to achieving scalability for individual
quality indicators is to normalize Y; relative to their base values,
thereby obtaining the corresponding normalized values y;.

This transformation is typically performed using the following
formulas [§]:

Y;
yi=— (10)
Yimax
or
Yimin
y: = ——. 11
Vi="y (1

Here, Yimax represents the largest actual (base) value of ¥, which
is applied when an increase in the individual indicator drives an
increase in Q. Conversely, Yjnin denotes the smallest actual
(base) value, used when an increase in Y; causes a decrease in Q.

Consequently, the normalized parameters are restricted to the
range 0 < y; < 1af(7],[8].

Similarly, the normalization of X; can be performed by
considering Xjyax, which represents the largest actual (base)
value of X; whose increase is assumed to drive an increase in ¥;.
Conversely, Xjmin denotes the smallest actual (base) value, whose
increase, owing to the physical nature of the object, causes a
decrease in Y.

When Y exerts a positive impact on Q, and Xj similarly exhibits a
positive ¢ffect on Y;, the normalization procedure remains
straightforward [6].

When Y; exerts a negative impact on Q, the following scenatios
may occur, depending on the nature of the relationship between
Y; and X;:

- an increase in Xj is accompanied by an increase in Y;, which

necessitates the normalization of X; according to the

formula:
% (12)
xX; = ——.
g ijax

This necessitates the normalization of X; using formula (12), and
that of Y; using formula (11), which significantly complicates
subsequent mathematical transformations;

- an increase in X; is accompanied by a decrease in ¥;:

X. .
_ jmin
x =L, (13)
] X]
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This requires the normalization of X; via formula (13) and that
of Y; via formula (10). This approach can simplify the
mathematical analytical procedures for determining Qgy; and
Xjext, the deliberate adjustment of which directly regulates the
quality of the object [8].

In certain scenarios, selecting an appropriate functional form
(3), where 0 < x; < 1 increases, allows for a predetermined (cither
positive or negative) impact of 0 < Y; < 1 on Q. Under such
conditions, the application of formula (11) becomes redundant.

Naturally, if individual quality indicators ¥; or management
tools X;
becomes optional. However, the tasks of harmonizing these

share the same dimensions, their normalization

parameters and assessing their impact on @ remain critical,
necessitating that the significance and variation ranges of these
quantities be accounted for within their common scale of
measurement.

2. PROBLEM STATEMENT

Logic suggests that if the relationship between Q and all
individual indicators Y; is monotonic (strictly positive or strictly
negative), the occurrence of an extremum Qg is highly unlikely.
In such scenarios of quality management, the values of Xjiag
(Of Xjratio) ate established within their feasible implementation
range to achieve the rational, largest value Qyatjo rather than a
mathematical extremum [7]. Conversely, an extremum Qgy¢
within a positive relationship between Q and Y; may arise only if
at least one individual quality indicator Y; (or ;) exhibits its own
extremum during variations in X; (or x;). If the system comprises
multiple individual indicators (I > 1), the emergence of Qey¢
requires at least two indicators Y to exert opposing effects on Q.

Empirical evidence indicates that functions of forms (2)—(4)
are frequently nonlinear [6]. Additional nonlinearity is introduced
during parameter normalization via transformations (11) and
(13), as well as through the application of weighted harmonic (6),
geometric (7), or quadratic (8) means, followed by the
determination of Q (or Qyatjo) using the nonlinear system (9) [10].
Consequently, accounting for these factors within normalized
parameters yields a new quality management model for the same
object. This transition may shift the optimal values to Xjy; (or
Xjext), Which subsequently redefine Qgx; Of Qratio, thereby
introducing uncertainty into practical quality management
decisions.

This specific issue has not been previously addressed in
literature.

Therefore, the purpose of this work was a generalized
(theoretical) analysis of the impact of normalizing the
components of a complex indicator of the quality of an object
on the characteristics of its extremum.

Achieving this objective involves a comparative evaluation of
Xpexe (derived with normalized Y; and Y,) against Xqqy¢
(obtained without normalization), of Xpatjo agaiNSt Xqatjo under
strictly comparable conditions.

3. RESEARCH SECTION

To simplify the theoretical analysis, the following assumptions
are made:

The composite quality indicator Q, defined by the general
functional form (2), depends on only two individual quality
indicators, ¥; and Y, (or their normalized equivalents, y; and y,).

Each indicator, in turn, depends on a single common quality
management tool X (or its normalized form, x) according to the
general functional form (3):

Y1 =¢:(X); Y, = d,(X),

- for all subsequent computational scenarios, the selected functional

14

forms §q, Py, as well as the normalization of X via formulas
(12) or (13), are expressed directly in terms of x:

Y1 = ¢1(x); V2 = d,(x);

where a monotonic increase in X leads to an increase in Q

(15)

through the growth of ¥ (or y;), whereas an increase in Y,
(ot y,) causes a decrease in Q;

- according to condition (1), the weighting coefficients satisfy
the following relation:

K+ K, =1 (16)

It should be noted that the designation of ¥; as the indicator
driving an increase in Q and Y, as the indicator causing a decrease
in Q (along with their normalized counterpatts y; and y, is
entirely arbitrary. Fach function may possess a distinct
mathematical form, range of definition, and maximum value (if
applicable). Based on these assumptions, the following analytical
results were obtained.

Most frequently, @ is modeled using a weighted arithmetic
mean convolution (5) due to its simplicity and the linear
relationship between @ and Y; [6].

In the first stage of the analysis, denoted by the subscript
"11" (where the first index indicates the convolution type and the
second signifies the absence of normalization), the composite
quality indicator formulation based on relations (5) and (16)
simplifies to:

Quiarith = K "Y1 + K Yy, (17
and its first derivative is expressed as:
Qiiarith = K1Y/ + K5+ V5. (13)

Setting this derivative to zero Q11 = 0and petrforming

algebraic rearrangements yields:
!

a2 (19

Y, K;

The parameter value Xjiarithext corresponding to the
potential extremum  Qqqarithexe 1S implicitly defined by
substituting expressions (14) into the left-hand side of equation
(19), while the right-hand side represents a constant negative
ratio.

The specific #pe of this extremum (maximum or minimum)
can be determined either by analyzing the sign change of the first
derivative (18) in the neighborhood of Xjijarithext> Of by
evaluating the sign of the second derivative [9]:

Qaritn = K1 "Y1 + K+ V',
which depends on the functional forms of Y;, ¥, defined by

equations (14) or (3) and the values of K; and Kj.
If no mathematical extremum exists, the rational level

(20)

Q11arith.ext, and its cotresponding argument Xiiarithratio 2t€
determined through direct computational evaluation of equation
(17) across the feasible range of x.
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When individual indicators ¥; and Y, are normalized to y,
and Y,, the baseline aggregation function (5) takes the form:
X Kty
Qzarith = —5m

i=1

1)

For this scenario (denoted by the subscript "12", indicating a
normalized arithmetic mean), equation (17) is modified as
follows:

Q1zarith = Ky "Y1 + K5 " ys, (22)
which, substituting expressions (21), (16), and (10), yields:
Y Y,
Q12aricn = K- + K- 23)
Ylmax YZmax

Next, applying a similar procedure to relations (19) and (20)
yields the following equations after algebraic transformations:

Y1’ & i Ylmax

h__ , @4
YZ Kl YZmax
7 _ Kl Y+ KZ v (25)
12arith Ylmax 1 YZmax 2

The parameter value Xqpapithext COrresponding to the
potential extremum  Xiparithext i implicitly defined by
substituting expressions (15) into the left-hand side of equation
(24). In this scenario, the right-hand side becomes a negative
ratio that quantitatively differs from the value obtained via
formula (19); thus, in the general case, X;2arith.ext  X11arith.ext-

The approptiate type of Qqarith.exteXtremum (maximum or
minimum), assuming a feasible value of X1parith.ext IS present,
can be determined using the aforementioned criteria [9].

In this scenario, whether the extremum type differs from the
non-normalized model remains non-trivial and depends on the
functional forms of Yjand Y, defined by equations (14) or (3),
the maximum values Yjmax » Yamax, 2a0d the ratio between K; and
K.

If Q1zarithext cannot be analytically identified, the rational
value Q12arith.ratio 201d its cortesponding argument X1 arith ratio
are determined through direct computational evaluation of
Q12arith via equations (22) and (3) by varying X, whereas the
discrepancy between Xjjarithratio 20d X11arithratio likewise
remains open to investigation.

This stage of the analysis underscores the primary advantage
of modeling a composite quality indicator @ via convolution
(5)—the weighted arithmetic mean—namely, the linearity of
mathematical transformations, which simplifies the analytical
identification of the corresponding extremum type (if one exists).

Conversely, the critical limitation of this approach is the
explicit dependence of the functional @ extremum on the
baseline values Y ax during the normalization of Y; and its
transition to y;. This drawback necessitates the development of
a dedicated methodology to establish the relationship between
Xzext and Xext-

In the second stage of the analysis (denoted by the first
index "2" at ), a similar evaluation is performed by representing
the composite quality indicator via the weighted harmonic mean
according to formula (6). This stage covers both the variant
without the normalization of Y; and Y, (yielding Q1,) and the
variant involving their normalization (denoted by the second
index "2" at Q).

Under these conditions, the following analytical expressions
are established. Without the normalization of Y; and Y, based
on relations (6) and (16), algebraic transformations yield the
baseline aggregation function:

Yl 'YZ

v T v’ (20)
K1 ' YZ + KZ " Yl

Q21harm =

and similarly (18) the first derivative: and, applying a procedure
similar to relation (18), its first derivative is formulated as:

Qélharm =[(Y, - Y) (K Y, + K- Y7) @
=Y, Y (K Yy + Ky V)] (K- Yo + Ky - V)3,

since, incorporating relation (9), algebraic transformations yield:

L .C 28)
YZov) K

Equation (28) theoretically defines the argument X,1harm.ext
corresponding to the potential extremum Qziparm.ext (f one
exists). Incorporating expressions (14), this parameter is
implicitly contained within the components on the left-hand side
of equation (28), whereas its right-hand side represents a
constant negative ratio.

Utilizing equation (27) as the baseline formulation to derive
the second derivative Q3 parm for characterizing the extremum
of Q21harm leads to the following complex expression:

iharm = [(Ky Y Y2 + Ky - Y7 - ¥))'
(K1'Y2 + K, 'Y1)2_2(K1'Y1"Y22+K2'Y12'Y2')'
(Ky Y, + Ky - Y))(Ky - Yy + Ky - YD)/ (K Y, + K, Y)Y,

(29)

which cannot be further simplified, making it impractical for
determining the type of extremum. Under these circumstances,
the specific type of the Qy1harm extremum can be identified by
analyzing the sign change of the first derivative Q3qparm When
varying X in the neighborhood of X3 1harm.ext- Alternatively, it
can be evaluated based on the results of a direct computational
analysis of equation (26) by varying x within the range of its
feasible practical implementation [9].

When normalizing Y; and Y,, the functional form of
equation (6) changes as follows:

i1 Ki
n K’
=y
and, applying a procedure similar to relation (26) while

incorporating expressions (6) and (10), algebraic transformations

yield:

Qharm -

(30)

Yl " YZ
K - Ylmax Y+ K- Y2max Y '

D)

Q22harm =

then, similarly to expression (27), the first derivative is
formulated as:

gzharm = [(V1 Y2)' (K1 Yimax Y2 + K3 Yamax Y1) 32)
Y1 Y (Ki Yimax Y2 + K3 Vomax Y2)1 / (K1 Y2 + K, Y1)2;

since, incorporating relation (9), algebraic transformations yield:

Yll ' Y22 K5 - Yomax

- , 3)
Y12 ' Yz K - Ylmax
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The parameter value Xppparmext cotrresponding to the
potential extremum Quznarmext (f one exists) is implicitly
defined by substituting expressions (15) into the left-hand side of
equation (33). In this scenario, its right-hand side represents a
negative ratio that quantitatively differs from the values
calculated via formula (28); thus, in the general -case,
Xooharm.ext * X21harm.ext- Lhis outcome, consistent with the
previous stage of the analysis, underscores the explicit
dependence of the functional Q extremum on the baseline values
Yimax during the normalization of Y; and its transition to Y;.
Consequently, this limitation necessitates the development of a
dedicated methodology to map the relationship between Xgx;
and Xqpy¢-

To determine the type of extremum, it is theoretically possible
to derive the second derivative Q,parm Using equation (32) as
the starting point. However, as observed in the previous
computational scenario, this approach yields a structurally
complex expression that cannot be further simplified, rendering
it impractical for analytical Under these
circumstances, it is advisable to identify the specific type of the

evaluation.

Q22harm.ext extremum either by analyzing the sign change of the
first derivative Q3,pharm When varying X in the neighborhood of
X22harm.ext> Of, based on the results of a direct computational
analysis of equation (31), by varying X within the range of its
feasible practical implementation (see above) [9].

In the third stage of the analysis, denoted by the first index
“3” at Q, a similar evaluation is performed by representing the
composite quality indicator via the geometric weighted average
according to formula (7) without the normalization of ¥; and ¥5.
Concurrently, based on relations (7) and (106), this convolution
yields:

Q31geom = Y1K1 ' YZKZ ’ (34
Qirgeom = Ko (T ) Y + (Y, V2 ) Yy, (35)
since applying the condition (9) yields:
Y] Y. K
1_2’ = _ _2, 36)
Y-y Ky

n K _2 K _2 ! n

31geom — Y) e Y, UK+ YY)

(K, —1) Y2 +Ky Yy Vo) KoY+ Y3) (37

Ky Yy Y+ (K, — 1) - Y2)].

The parameter value X3igeomext corresponding to the
potential extremum Q31geom (if one exists) is implicitly defined
by substituting expressions (14) into the parameters on the left-
hand side of equation (36), while the right-hand side represents
a constant negative ratio.

Because formula (37) is structurally complex and impractical
for analytical application, it is advisable to determine the type of
extremum (if present) either by analyzing the sign change of the
first derivative Qélgeom in the neighborhood of X31geom.ext> OF
via direct computational evaluation of @31geom using formula
(34) across the feasible range of x.

When normalizing ¥; and Y5, the functional form of equation
(7) changes as follows:

(38)

n K 1/2?:11{1'
Q32ge0m = (1_[ 1yl' L) )
i=

from which, similarly to relation (34) and incorporating formulas
(7), (16), and (10), algebraic transformations yield:

Oszeon = (72) +(725)
S2geom Ylmax Y2max

Next, using equation (39), the first derivative Q3zgeom 18
derived, which can be formulated as:

K1 K3

(39)

, 1 Kl Ki—1 K '
Qgeom = BT . . (Y1 oy, z) Y+
p 1max 2max 2max (40)
2 K- Ky—1
(Y- y . Y’],
Ylmax ( ! 2 ) 2

and, after incorporating condition (9) and performing algebraic
rearrangements, we obtain:

Y1’ Y, K,
Y- Y2’ B Kll

(41)

This is identical to expression (36) and indicates independence
from the normalization characteristics and specifically for this
convolution.

Equation (40) turns out to be structurally similar to formula
(35), which leads to:

yKi—2 yKa=2

" _ 1 2 i 1
32geom T K -1 Kp—-1 Y.
Ylmax YZmaX 2max

Ky K,
- 1) Y7+
[(YZmax 2 Y

1max
KZ ! 14
W+ )|

"+ Y

(42)

'Yl'Y2]+

K
Z 1) Yf]}.
Ylmax

Comparison of equations (41) considering formulas (15), (36),

Ky

Y1Y2+(

1max YZmax

and (14) shows that the value X350, found after normalization
of ¥; and Y;can be used as a tool for real object management
(without normalization). But the difference between formulas
(40) and (35), as well as (42) and (37), which is due to the
influence of Yjpax on Q@ when normalizing Y; and Y,, can
theoretically invert the identification of the extremum.

In addition, formula (42) turns out to be inconvenient to use.
Therefore, in this case, it is advisable to determine the type of
extremum (if it exists) by the change of sign of Qélgeom when
varying X near X3jgeom.ext, Ot as a result of a direct calculation
of the value of Q31geomby formula (39) when varying x in the
range of its possible practical implementation.

In the fourth stage of the analysis, denoted by the first index
“4” at @, a similar evaluation is performed by representing the
composite quality indicator Q41quaq Via the weighted square
average according to formula (8) without the normalization of ¥;
and Y,. In this case, based on relations (8) and (10), this

convolution yields:
Q41quad = (K- Y12 +K;- Yzz)o.s , (43)

and, after simple algebraic transformations, the first derivative is
expressed as:

ACTA IMEKO | www.imeko.org

September 2026 | Volume 15 | Number 3 | 5



K -Y] Y2+ K, Y2-Y)

! = 44
Q41quad (Kl . YZ + KZ B Y1)2 , ( )
from which, after incorporating condition (9), we deduce:

Y K

L -2 (45)

YZ : Y2 Kl

The parameter value X41quad.extCoOrtesponding to the potential
extremum (Qy1quadext (if one exists) is implicitly defined by
substituting expressions (14) into the parameters on the left-hand
side of equation (45), while the right-hand side represents a
constant negative ratio.

The general representation of the second derivative:

tiquad = [(Ki Y Y2 + K, Y2 V) - (K Yy + K, ¥p)?

(K YL+ K YY) 2 - (K Y, + K, Yy)
(K Yy + K, Y1/ (KL Yo + K, Yp)*

(40)

does not allow simplification, turning out to be cumbersome and
impractical for determining the type of extremum Q41quad.ext-
Therefore, in this case, it is advisable to determine the type of
extremum (if it exists) by analyzing the sign change of the first
derivative Qz’uquad in the neighborhood of X41quad.ext Of via
direct computational evaluation of Q41quaq using formula (43)
across the feasible range of x.

When normalizing ¥; and Y,, the functional form of equation
(8) changes as follows:

Q42quad = (47)

Based on this, similarly, considering relations (8), (16), and
(10), we obtain:

Y1 Ky YZ K>

Quoaua = () ~(7=) ()

f2qua Ylmax Y2max

’ _ 1 Kl Y22max Yl Yll + KZ Yzzmax YZ YZI 49
Q42quad Ty Y. ’ 2 2 2 2 0.5'( )

1max ‘2max (Kl YZmax Yl + KZ Ylmax Yz )

and, incorporating condition (9), we obtain:
Y)Y, K, - Y2

1 1’ - _ 2 12max. (50)
Y- YZ K - YZmax

The parameter value X4pquadext corresponding to the
potential extremum Q4zquadext (f one exists) is implicitly
defined by substituting expressions (15) into the left-hand side of
equation (50). Concurrently, the right-hand side yields a negative
ratio that quantitatively differs from the value obtained via
formula (45); thus, in the general case, X42quad.ext # X41quad.ext-
Consistent with the previous stages of the analysis, this outcome
demonstrates the explicit dependence of the functional
baseline values

extremum @ on the during the

Yimax
normalization of Y; and its transition to Y;, thereby necessitating
the development of a dedicated methodology to establish the
relationship between Xy With Xqey¢.

The second derivative Qz’1’2quad turns out to be even more
structurally complex and impractical for analytical evaluation
than Q;’lquad derived via formula (46). Therefore, it is advisable

to determine the type of extremum (if one exists) either by

analyzing the sign change of the first detivative Qz’12quad in the
neighborhood of X43quad.ext» Of through a direct computational
analysis of Q4zquad Vvia formula (48) by varying x within its
feasible practical implementation range.

4. DISCUSSION OF RESULTS

Overall, the presented findings indicate that the normalization
of individual quality indicators Y; and Y,affects not only the
absolute value of the composite quality indicator ¥; and Y,—
when modeled using arithmetic, harmonic, and quadratic
weighted means—but also the magnitude and type (maximum or
minimum) of the corresponding extremum Qgy;.

This influence also manifests as a shift in the optimal value of
the practical quality management tool (Xgyx¢,), which determines
the corresponding extremum Qgy.

Concurrently, this study teveals for the first time that the
optimal management tool value (Xgy) remains independent of
the normalization of ¥; and Y, when the composite quality
indicator @ is modelled using a weighted geometric mean
convolution. This finding suggests that the geometric mean is
highly suitable for quality modelling, as it allows the optimal tool
parameters Xgye (O the corresponding rational value Xp40)
determined under normalized conditions to be directly applied
to real-world object management without requiring inverse
transformation. However, close attention must still be paid to
correctly determining the specific type of the Qg extremum.

Consequently, there is a clear need to develop dedicated
mathematical methodologies to establish the exact relationship
between Xpexe and Xqgxp (0f Xpexe and Xqexe). This will ensure
precise operational management of the object based on the
results of quality modeling using normalized parameters.
Furthermore, the specific functional dependencies of ¥; and Y,
on the argument Xx are expected to significantly affect the
resulting parameters of the composite quality indicator.

5. CONCLUSIONS

1. The rational management of technical, technological, or
organizational systems requires determining the specific
conditions and optimal levels of quality management tools.
These tools shape individual quality indicators with their
respective weighting coefficients, which, in turn, form a
composite quality indicator for the object. This relationship
between individual indicators and management tools exists
objectively, and its specific analytical representation must be
defined by an expert.

2. Incorporating heterogeneous individual quality indicators
and management tools—which possess disparate natures,
dimensions, and variation ranges—into a quality model requires
reducing them to a comparable form. This is achieved by
normalizing them relative to baseline values, accounting for the
directional impact (increase or decrease) of individual indicators
on the composite quality metric, as well as the relationships
between these indicators and the management tools.

3. The normalization of individual quality indicators (and
potentially management tools) yields distinct qualimetric models
of the same object. The quantitative values of the composite
quality indicators in these models are generally incomparable
within a single scale of relations.

4. In the absence or extreme complexity of an analytical
dependence of the composite quality indicator on its parameters,
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the quality model is typically constructed using mathematical
convolutions, such as weighted means (arithmetic, harmonic,
geometric, or quadratic). This approach requires identifying the
discrepancies between the normalized and non-normalized
model parameters and developing dedicated methods for back-
transformation. This ensures rational, real-world management
aimed at maximizing the composite quality indicator within the
permissible range of management tool levels.

5. For analytical purposes, this study adopted a simplified
model representing the dependence of the composite quality
indicator on two individual (both non-normalized and
normalized) quality indicators that depend on a single common
management tool and exert opposing effects on the composite
metric. The composite indicator was evaluated using four distinct
weighted mean convolutions: arithmetic, harmonic, geometric,
and quadratic.

6. The analytical results reveal for the first time the specific
conditions under which the normalization of individual quality
indicators influences the presence and type of the composite
indicator's extremum, as well as the optimal management tool
values determined by this extremum.

7. The analysis reveals for the first time that the optimal level
of the object quality management tool remains independent of
individual indicator normalization when modelling the
composite quality indicator via a weighted geometric mean
convolution. Consequently, the geometric mean is highly
recommended for quality modelling, as it allows the optimal tool
parameters determined under normalized conditions to be
directly applied to real-world object management (i.e., without
normalization). However, careful attention must still be paid to
correctly identifying the type of extremum.

8. The findings obtained can enhance the efficiency of quality
management for multi-parameter real-world systems by
identifying the conditions required to maximize the composite
quality indicator depending on the selected convolution type,
functional dependencies, and normalization procedures of
individual quality indicators.

9. Future research will focus on analysing specific functional
dependencies of individual quality indicators on management
tools, and on developing methods to relate the rational levels of
quality management tools in normalized and non-normalized
models. The approach can also be extended to systems with
more than two quality indicators and management tools.
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