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ABBREVIATIONS 

𝐵  - Total biomass  

𝑁  - Total number of plant individuals/vegetation cover 

𝑆  - Seeding 

𝑟  - Growth rate 

𝑟b  - Biomass growth rate 

𝑟n  - Individuals’ growth rate 

𝐾  - Carrying capacity 

𝐾B  - Biomass carrying capacity 

𝑍  - Average size of individuals 

𝑍0  - Average size of individuals to achieve net 
population growth 

𝑍min  - Minimum size of individuals 

𝑡  - Time 

𝐶  - Total extraction rate of biomass 

𝐿  - Extraction rate by livestock 

𝐻  - Extraction rate by wild herbivores 

𝑎  - Herbivores efficiency 

ℎ  - Herbivores handling time 

𝑑𝑏max  - Maximum derivative of the biomass function 

𝐵x  - Value of 𝐵 at which 𝑑𝑏max occurs 

𝑑𝑏min  - Minimum sustainable derivative of the biomass 
function 

𝐵min  - Value of 𝐵 at which 𝑑𝑏min occurs 

𝐵st  - Value of 𝐵 where the system is in a stable 
equilibrium. 

1. INTRODUCTION 

Mathematical models are powerful tools for understanding 
the processes of growth, decline, colonisation, and extinction in 
biological populations [1], [2], as well as for describing species 
interactions such as predator–prey dynamics and competition [3]. 

ABSTRACT 
Extensive livestock production on rangelands involves continuous biomass extraction, as various plant species serve as food for different 
animal populations. Unlike agricultural systems, rangeland biomass extraction reduces plant size without their complete removal, 
leading to more complicated management strategies. Mathematical models could predict where plant biomass is available, to relocate 
animals accordingly, but the current state of the art offers plant population models with a single variable, confusing growth rate, fitness, 
and carrying capacity. This study addresses this limitation through a model that divides plant populations into two state variables: i) 
total biomass (𝐵) and ii) the number of individuals/vegetation cover (𝑁). Biomass follows a standard logistic population dynamic 
constrained by the carrying capacity of the ecosystem, while 𝑁 represents population spread and resource acquisition. The model 
integrates Schaeffer and Noy-Meir logistic population models with biomass extraction and includes a seeding term (𝑆) to account for 
human interventions. Results showed that system stability and equilibrium depend on the efficiency parameter (𝑁h), which links 𝐵 and 
𝑁. Higher 𝑁 values reduced the system's maximum yield under biomass extraction, highlighting the trade-off between vegetation cover 
and biomass productivity. This model provides a promising alternative for describing rangeland dynamics under extensive livestock 
production. 
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Over the years, these models have been adapted to agricultural 
and farming systems to describe the continuous extraction of 
resources. Such models, commonly called “bioeconomic 
models”, have been widely applied to rangeland ecosystems 
worldwide. Notable examples include the works of Petit [3], 
Zhang & Smith [4], Ritten et al. [5], and Hanson & Ryan [6]. 

Extensive livestock production, which relies on arid and semi-
arid rangelands, presents unique modelling challenges. Unlike 
intensive agricultural systems, where human actions drive 
vegetation and animal dynamics [7], extensive systems are 
characterised by minimal human intervention and indirect 
removal of biomass by different pools of organisms [8]. Natural 
resources, such as grasses and shrubs, are seldom replaced, and 
the system is maintained with extremely low external inputs of 
energy and nutrients. Reynolds et al. [8] have described two key 
features of these systems: i) plant populations are subject to 
minimal management, and ii) animal populations are affected by 
human actions. These single-stock models typically describe 
plants through a single variable, such as green biomass or 
aboveground net primary production [9], [10], and often neglect 
interactions with the surrounding environment, such as soil 
nutrient availability. 

The mathematical representation of extensive livestock 
systems is often based on simple bioeconomic models, such as 
single-stock logistic growth or Volterra-Lotka-like predator–
prey models [11]. Biomass extraction within these models is 
commonly described in two ways. Schaeffer proposed to 
modify the logistic growth equation by including a constant 
extraction term, either as a fixed amount or as a fixed 
proportion of the standing biomass, as in Holling’s type-I 
functional response. Noy-Meir, instead, proposed nonlinear 
functional responses that explicitly link extraction rates to 
resource availability. In this work, we refer to these modelling 
practices as the Schaeffer-type and Noy-Meir-type families, 
respectively. The most influential contributions on this topic 
were given by Noy-Meir [10]–[14] and, more recently, by Fort 
et al. [15] and Dieguez Cameroni & Fort [16]. 

While single-variable models are analytically simple and useful 
for theoretical studies, they have significant limitations. For 
instance, they fail to account for population components such as 
age and size structure, phenological status, and spatial 
distribution, and they also assume homogeneity among 
individuals, oversimplifying the system. As a result, single-
variable models reduce the complexity of the problem but lack 
the precision required by practical applications. Increasing the 
number of variables (e.g., by incorporating plant–nutrient 
interactions) could improve accuracy, but it also dramatically 
increases the dimensionality of the system. An additional 
challenge is the uneven distribution of plant biomass and 
resources (e.g., nutrients, water) within the environment [17], 
[18], which affects their accessibility to individuals. 

Spatially explicit models based on reaction–diffusion 
equations [19] or individual-based matrices [20] have partially 
addressed this issue. These models often include the law of 
diminishing returns, which assumes that each individual uses 
only a limited portion of the available resources. This assumption 
reduces the dimensionality of the system without, but not the 
connection with, the bioecology of the problem [21]. This 
approach could be valuable for modelling extensive livestock 
systems. 

Human interventions further complicate the mathematical 
description of extensive livestock. Common practices include 
seeding [22]–[24], replacing natural plant populations with more 

productive species [25], and fertilisation or irrigation to promote 
plant growth [26], [27]. Additionally, when animal populations 
exceed the habitat's carrying capacity, temporary artificial food 
supplies are often provided [28]. 

This study aimed to develop a model that describes plant 
population dynamics in a human-driven landscape, finding a 
good compromise between detail and complexity. Notably, the 
model aims to: i) describe plant populations in terms of biomass 
and the number of individuals, ii) account for continuous 
extraction, particularly grazing by livestock, and iii) incorporate 
limited human interventions such as seeding. While primarily 
designed for rangelands with extensive livestock grazing, the 
model is general enough to be applied to other production 
contexts and ecosystems with minimal modifications. 

2. METHODS 

2.1. Model development 

2.1.1. Number of individuals and biomass 
Let us consider logistic growth, the simpler model of 

population dynamics with density-dependence, mathematically 
described as: 

d

d𝑡
𝑁(𝑡) = 𝑟 𝑁(𝑡) (1 −

𝑁(𝑡)

𝐾
) . (1) 

In equation (1), 𝑁(𝑡) is the biological abundance (e.g., the 
number of individuals of a given species per area, or the total 

biomass), 𝑟 is the intrinsic growth rate, and 𝐾 is the carrying 

capacity. According to the current literature [29], 𝐾 can be 
defined in different ways. We hereby refer to “carrying capacity” 
as the maximum plant biomass that the system can support at equilibrium 
without removal and using all resources available. In line with most of 
the simple theoretical models of population dynamics, we do not 
explicitly include seasonality or time scales in this study, either. It 
is worth remarking, however, that this aspect does not affect the 
structure of the equation, as it leads to considering time-
dependent parameters instead of constant ones. 

Equation (1) is composed of two terms: an exponential term 

𝑟 𝑁(𝑡) that multiplies the population at time 𝑡 and the relative 
growth rate, and a second density-dependent term that 

moderates growth so that the system approaches 𝐾 
asymptotically. We can adapt equation (1) to model extensive 
plant populations by considering two separate state variables: 

biomass, 𝐵(𝑡), and the number of individuals, 𝑁(𝑡). The 
parameters related to biomass are hereafter denoted by the 

subindex 𝑏, while the parameters related to the number of 

individuals are denoted by the subindex 𝑛. Additionally, the total 

biomass should grow logistically at a rate 𝑟𝑏 and up to a certain 

asymptotic value 𝐾b, i.e., the carrying capacity with respect to the 
total biomass available in the environment. 

The complexity of the system can be reduced by assuming 

that the number of individuals grows with the rate 𝑟n without 

having an asymptotic value (𝐾n). Linking the state variables 𝑁(𝑡) 

and 𝐵(𝑡) helps prevent the number of individuals from growing 
exponentially without bounds. Empirical evidence shows that 
small individuals (i.e., those below a certain size threshold) are 
less likely to reproduce and have a higher mortality. Conversely, 
once individuals overtake the threshold, reproduction becomes 
viable, and the population can grow. Classical studies on plant 
demography in rangelands also suggest that competition effects, 
driven by plant density, can reduce seed production in pastures 
[30]. 
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We define the ratio 𝑍(𝑡) =
𝑁(𝑡)

𝐵(𝑡)
 as the average size of 

individuals within the population. We further introduce a 

threshold parameter 𝑍0, representing the minimum average size 
of the individuals required for net population growth (i.e., for the 
birth rate to exceed the death rate). This threshold encapsulates 
both survival and reproductive viability: individuals smaller than 

𝑍0 are assumed to be either non-reproductive or more prone to 

mortality. Accordingly, if 𝑍(𝑡) < 𝑍0, the population declines; if 

𝑍(𝑡) > 𝑍0, the number of individuals increases. Based on these 
assumptions, the population model can be rewritten as: 

d

d𝑡
𝐵(𝑡) = 𝑟b 𝐵(𝑡) (1 −

𝐵(𝑡)

𝐾B

) 

d

d𝑡
𝑁(𝑡) = 𝑟n  (

𝐵(𝑡)

𝑁(𝑡)
− 𝑍0) 𝑁(𝑡), 

(2) 

where now the average size of the plants 
𝐵

𝑁
, and the population 

density 𝑁(𝑡) have a linear dependence. If the average size of the 

plants is lower than 𝑍0, the recruitment of individuals becomes 
negative. Otherwise, the recruitment is positive, and the number 
of individuals grows. 

To describe the efficiency of the individuals in using resources 
(i.e., the average range over which an individual of the population 
can access resources), we introduce a new term into equation (2). 
This term refers to the increase of the biomass rate and to the 
number of individuals, following Mitscherlich’s law of 
diminishing returns. In other words, the efficiency gained from 
increasing the number of individuals decreases with the 
population abundance. 

Resource consumption is often modelled using Holling’s 
Type II functional response [31], which is mathematically 
equivalent to the Michaelis-Menten enzyme kinetics model [32], 
albeit with a different parameterisation. Following the classical 
integration of functional responses into population dynamics 
models of Oaten and Murdoch [33], we adopt a saturating 
function to model resource capture efficiency. However, we 
simplify the formulation by using the Michaelis-Menten structure 
with a single half-saturation constant, rather than the separate 
“attack rate” and “handling time” parameters typical of Holling’s 
model. This choice provides a parsimonious formulation that 
captures the essential saturation behaviour, while minimising the 
number of parameters and avoiding strong assumptions about 
the system's behaviour at low densities. 

Accordingly, the model becomes: 

d

d𝑡
𝐵(𝑡)  =  𝑟b 𝐵(𝑡) (1 −

𝐵(𝑡)

𝐾b

) 

d

d𝑡
𝑁(𝑡)  =  𝑟n (

𝐵(𝑡)

𝑁(𝑡)
−  𝑍0) 𝑁(𝑡) , 

(3) 

with 𝑁h > 0, 𝑍0 > 0, 𝐵 > 𝑁, and 𝑍min > 0. 

Here, 𝑁h represents the half-saturation constant, i.e., the 
number of individuals required to reach half the maximum 

biomass growth rate 𝑟b. The variable 𝐵(𝑡) is constrained to 
values higher than the minimal possible total biomass, defined as 
the biomass of a single seed multiplied by the number of 

individuals 𝑁(𝑡). For the sake of simplicity and without loss of 

generality, we set 𝑍min = 0 in the calculations. 
This formulation results in two key dynamic interactions. 

First, the average plant size 
𝐵(𝑡)

𝑁(𝑡)
 sets a threshold to the population 

growth: if individuals are too small, recruitment is negative. 
Second, the Michaelis-Menten term converts population size 

𝑁(𝑡) into biomass productivity potential, reflecting a saturating 

resource uptake curve. As 𝑁(𝑡) increases, the term approaches 

1, indicating efficient resource exploitation. If 𝑁(𝑡) = 0, 

biomass cannot grow; conversely, 𝑁h = 0 implies that even a 
single individual could access all resources, which is an unrealistic 
scenario. This mechanism is visually summarised in Figure 1. 

2.1.2. Biomass consumption 
Populations of species living in productive ecosystems are (at 

least partially) subject to extraction. Biomass extraction is usually 
described through two different approaches. The first, proposed 
by Schaeffer [34], consists of a logistic population growth 
equation modified by a constant extraction term, typically 

denoted as 𝐶. This term can represent a fixed amount of biomass 
removed per time unit (independently of the population size) or 
a fixed proportion of the current biomass, as in Holling’s type-I 
functional response. The second approach, pioneered by Noy-
Meir [12], includes functional response curves that describe how 
extraction rates depend on resource availability, allowing more 
realistic nonlinear dynamics. In this study, we refer to models 
following the first approach as “Schaeffer-type”, and to those 
using the second as “Noy-Meir-type” models. 

Extraction can be direct (e.g., as in fisheries, where individuals 
are removed for consumption) or indirect, as in rangelands 
subject to extensive grazing, where livestock and wild herbivores 
consume vegetation. To distinguish these two processes 
(livestock and wild herbivory), we define: 

• 𝐿(𝑡) as the biomass removed due to livestock grazing, 
and 

• 𝐻(𝑡) as the biomass consumed by wild herbivory. 

We can also define the total extraction term as 𝐶(𝑡) = 𝐿(𝑡) +
𝐻(𝑡), assumed as non-negative. 

Population dynamics with extraction are classically 
represented by a logistic model with a removal term [34]: 

d

d𝑡
𝐵(𝑡) = 𝑟 𝐵(𝑡) (1 −

𝐵(𝑡)

𝐾b

) − 𝐶(𝑡), (4) 

with 𝐶(𝑡) > 0. 

 

Figure 1. Diagram of the model. The two state variables, the number of 
individuals (box 𝑁) and the total biomass (Box 𝐵), are connected by two 
differential equations. Biomass influences the number of individuals via a 
function of the biomass/individuals ratio (or average individual size). The 
number of individuals influences biomass via the efficiency of capturing 
resources mediated by parameter 𝑁h. Both functions result in a positive 
feedback loop between 𝑁 and 𝐵, which is limited only by density-dependent 
effects on 𝐵. Additionally, seeding is represented by a function 𝑆(𝑡), which 
increases the number of individuals, and 𝐶(𝑡), which represents the biomass 
removed per unit of time. In the case of species where the distinction of 
individuals is not clear, because they grow horizontally and reproduce 
asexually, vegetation cover can take the place of the number of individuals in 
the model. 
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Following the same procedure as in equation (3), let us extend 
the model to include both population structure and biomass 
extraction. While equation (4) represents a basic logistic growth 

model with an added extraction term 𝐶(𝑡), we refine this 
formulation by integrating the effects of individual-based growth 
and external biomass removal. This leads to a more complete and 
more realistic model of vegetation dynamics, as presented below: 

d

d𝑡
𝐵(𝑡) = 𝑟b (

𝑁(𝑡)

𝑁h  +  𝑁(𝑡)
) 𝐵(𝑡) (1 −

𝐵(𝑡)

𝐾b

) − 𝐿(𝑡)

− 𝐻(𝑡) 

d

d𝑡
𝑁(𝑡) = 𝑟n (

𝐵(𝑡)

𝑁(𝑡)
− 𝑍0) 𝑁(𝑡) + 𝑆(𝑡), 

(5) 

with: 

• 𝐿(𝑡) ≥ 0: biomass extracted by livestock, 

• 𝐻(𝑡) ≥ 0: biomass consumed by wildlife, 

• 𝑆(𝑡) ≥ 0: number of new individuals added through 
sowing or seedling planting. 

We assume that the individuals added through the seeding 

term 𝑆(𝑡) have negligible biomass compared to adult individuals. 
While seeds and seedlings do carry some mass, their contribution 
to total biomass is orders of magnitude smaller than that of 
mature plants. Therefore, we approximate their initial biomass as 
zero. This simplification allows the model to remain analytically 
tractable while preserving the essential dynamics of early 
recruitment. As the introduced individuals grow, their 
contribution to biomass is dynamically incorporated via the 

feedback between 𝐵(𝑡) and 𝑁(𝑡). 

2.1.3. Noy-Meir Model 
Model (5) can be further improved by considering the 

equation, which considers extraction either as a constant value, 
or proportional to the plant population size ([12]). The extraction 
rate is represented by a functional response equation that 
describes the plant abundance per livestock animal, so that the 

term 𝐶(𝑡) becomes in turn a function of 𝐵, namely 𝐶(𝑡, 𝐵).  
To study the behaviour of model (5) coupled with Noy-Meir’s 

approach, we choose the Holling functional response models. 
Among the models of functional response available in the 
literature, Holling’s curves are well-known and extensively 
studied by theoretical ecologists. Accordingly, extraction rate 
models become special cases of Holling’s curves: an example at 
hand is the Schaeffer model, which usually describes the rate of 

extraction as a constant proportion of the population: 𝐶(𝐵) =
𝑐 𝐵(𝑡). This formulation is similar to Holling’s type-I functional 
response, under the aforementioned conditions. 

Noy-Meir’s models of seasonal grazing ([13], [14]), also 
recalled by Ungar [29], are an additional case of change in the use 
of resources. As a consequence, they can be reduced as a 
sigmoidal-type functional response III or to the generalised form 
proposed by Real [35]. Moreover, given a plant population size 

𝐵0, removal becomes zero because livestock may be removed or 
supplemented with balanced forage. Although the type-III 
functional response is usually related to prey switching, its 
structure is close to Noy-Meir's model. Animals switch food diet 

from natural pasture to other sources, as cattle under 𝐵0 are 
supplemented with additional feed or are moved to different 
areas. Similar simple approaches to describe pasture 
consumption were already reported by Dieguez Cameroni & 
Fort [16]. 

Through a more general formulation, Holling’s functional 
responses can be unified into a single equation. Extraction can 
thus be described by the generalised functional response 
proposed by Real [35], which extends Holling’s approach 
through a shape exponent. This formulation is mathematically 
analogous to the enzyme kinetics model of Barcroft and Hill [36], 
a generalisation of the classical Michaelis–Menten equation for 
enzymes with multiple binding sites: 

𝐶(𝐵)  =  𝑁
𝑎 𝐵𝑐

1  +  𝑎 ℎ 𝐵𝑐
 , (6) 

with 𝑐  ≥ 0. 

In equation (6), 𝑎 is the herbivore encounter rate (efficiency), 

ℎ is the handling time, 𝑁 is the number of herbivores, and 𝑐 is a 
curvature parameter that shapes the response. According to Real 

[35], 𝑐 reflects the number of matches a predator should have 
with a prey before reaching full feeding efficiency (e.g., through 

learning). Alternatively, van Leeuwen et al. [37] considered 𝑐 as 
the number of alternative prey types that drive changes in 
behaviour. 

This flexible formulation replaces multiple classical responses: 

when 𝑐 = 0, the extraction rate becomes constant and 

independent of biomass; for 𝑐 = 1, it reduces to Holling’s type 

II functional response; and for 𝑐 > 1, it produces a sigmoidal 

(type III) response. As 𝑐 increases, the transition becomes 
sharper, catching more abrupt changes in herbivore feeding 
behaviour than simpler models (e.g., Noy-Meir [14]).  

Moreover, for 𝑐 >  1, the functional response shows a well-
defined inflection point, corresponding to the value of biomass 

𝐵0 at which the extraction rate increases most rapidly (i.e., where 

the derivative 
d

d𝐵
𝐶(𝐵) reaches its maximum). This point can be 

interpreted as the threshold biomass level required to trigger a 
switch in foraging intensity.  

The inflection points 𝐵0, defined as the biomass level at which 
the extraction rate increases most rapidly, can be derived 
analytically by finding the maximum of the first derivative of 

equation (6). For 𝑐 > 1, the inflection point is given by: 

𝐵0 = (
𝑐 − 1

𝑎 ℎ 𝑁 (𝑐 + 1)
)

1/𝑐

. (7) 

This expression shows that the position of the threshold 

depends not only on the curvature parameter 𝑐, but also on the 

number of herbivores 𝑁, their efficiency 𝑎, and the handling time 

ℎ. As 𝑐 increases, 𝐵0 shifts to higher biomass values and the 
transition becomes steeper. This property allows the model to 
describe switching behaviour more realistically in systems where 
foragers adjust their feeding intensity in response to changing 
prey or plant abundances. 

2.2. Analysis 

The behaviour of model (5) was analysed from an analytical 
and numerical standpoint. The analytical part focused on the 
research of nontrivial equilibrium points (i.e., a combination of 
parameters so that the growth rate is zero), while numerical 
simulations were more prone to study the parameter variation 
sensitivity and its effect on stable or non-stable equilibrium 
points. 

As stated in the previous sections, model (5) is an extension 
of Schaeffer's [34] and Noy-Meir's [12] equations, which are, in 
turn, an extension of the logistic growth. According to these 
properties, we first wondered if model (5) conserved the well-
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known equilibrium points of the logistical model with extraction, 
and which was the effect of the additional parameters introduced 
with our formulation. We also carried out a global sensitivity 
analysis of the model using the Sobol methods. The analysis was 
carried out testing the sensitivity of variables and initial 
conditions. 

Numerical analyses were carried out by fixing the initial 
conditions and solving the model by considering different 
combinations of parameters. Extinction, increase, or decrease in 
the state variables was considered for large time ranges to achieve 
the goal of this part of the study. 

For the sake of simplicity, the analyses were carried out under 
constant environmental conditions, namely that the parameters 

𝑟 and 𝐾 were not modified by external factors. Unless stated 
otherwise, the default parameters and initial conditions were set 
as listed in Table 1. 

2.2.1. Global sensitivity analysis 
To evaluate the model’s sensitivity to variations in parameters 

and initial conditions, we conducted a global sensitivity analysis 
(GSA) using the Sobol variance decomposition method. This 
approach captures both first-order effects (individual parameter 
contributions) and total effects (including interactions), making 
it well-suited for nonlinear ecological systems. 

Due to computational constraints, we replaced a single large 
Sobol run with multiple smaller, independent runs. Each 
iteration used 1,024 parameter sets generated via Saltelli’s 
sampling scheme, covering 14 model parameters and initial 
conditions. This approach, repeated over 64 to 128 iterations, 
allowed a more robust estimation of sensitivity indices by 
reporting the median and 2.5–97.5 % quantile range across runs, 
thereby reducing numerical artifacts and accounting for 
stochastic variability. The analysis focused on the final total 
biomass value from each simulation, which reflects long-term 
system behaviour. Water availability was treated as auxiliary and 
excluded from the sensitivity metrics. 

Simulations that led to trivial dynamics (e.g., full extinction) 
were excluded to ensure sensitivity estimates were conditioned 
on ecologically viable outcomes. This filtering avoided bias from 
boundary behaviours and highlighted parameter effects within 
the meaningful dynamic range of the system. Sobol indices were 

computed using the SALib Python library. Both first-order and 
total-effect indices were used to rank parameter influence and 
identify key drivers of vegetation dynamics. Additional iterations 
are being processed to refine these estimates. 

2.2.2. Analysis without extraction 

To observe the effect of different initial conditions 𝑁0 and 𝐵0 

on the system dynamics, and the interaction between 𝑁 and 𝐵 

under different combinations of 𝑁h, 𝑍0, and 𝑆, we analysed the 
model behaviour without extraction. The analysis was carried out 
following three steps: 

1) Interaction of 𝑁 and 𝐵 at different values of 𝑁h. In the 

first step, we kept 𝑍0 and 𝑆 constant, varying only 𝑁h to 
observe its behaviour on the long-term dynamics of the 

model. As 𝑁h affects the efficiency in obtaining the 
resources, it was the first to be analysed. 

2) Interaction of 𝑁 and 𝐵 at different values of 𝑁h and 𝑍0. 

We added different values of 𝑍0 to the variation in 𝑁h. 
With this analysis, we observed the interaction between 
the efficiency in obtaining resources as a function of the 
number of individuals and the optimum average size of 
the individuals. 

3) Effect of the constant seedling. We studied the effect of 
the continuous addition of a constant number of new 
individuals (either via seeding or seedling), but not 
biomass, on the population dynamics. As the model 
differentiates individuals from biomass, it is worth 
studying the effect of artificially increasing the plant 
population on an extensive system, while keeping the 
biomass constant. For the sake of simplicity, seeding was 
also assumed constant and continuous. 

2.2.3. Analysis with constant extraction 
We repeated the sequence of analyses in Section 2.2.1 

considering extraction as well. As previously stated, we 
considered as a starting point the well-known equilibrium points 
of logistic models with extraction. Then, we investigated the 
variations in the system’s stability if the population state variables 
were split into biomass and number of individuals. The following 
sequence was carried out: 

1) Recruitment (derivative) at different levels of 𝑁, 𝐵 and 

𝑁h: We analysed how the stability of the logistic model 
with extraction can be affected by the separation of 
biomass and the number of individuals. This analysis was 
focused on the derivative of the model from equation (5) 
under extraction conditions. 

2) Effect of extraction at different 𝑁h values (time series): 

here we studied the interaction between 𝑁h and 𝐶 using 
the simulations of different values of both variables. 

3) Effect of extraction at different 𝑍0 at 𝑁h > 0 (time 

series): we analysed the interaction between 𝑍0 and 𝐶 
under different combinations of values, always 

considering 𝑁h > 0. 

4) Effect of extraction with seedling at 𝑁h > 0 (time series): 

we analysed the interaction between 𝑍0, 𝑆 and 𝐶 under 

different combinations of values, always with 𝑁h > 0. 

2.2.4. Analysis with functional response extraction 
The same analysis as in Sections 2.2.1 and 2.2.2 was carried 

out on the model considering Holling’s type-II functional 

response model (7), with 𝑐 = 1 to see the effect of Noy-Meir’s 
saturation curve on extraction. According to this model, the 
extraction decreases when the biomass is low. 

Table 1. Default parameter values used in the numerical simulations. The first 
column lists the parameter names as they appear in equations (1)–(6). The 
second column shows the default values used in simulations, and the third 
column indicates the parameter ranges applied in the Sobol sensitivity 
analysis following Saltelli’s sampling scheme. 

Parameter Default value Sobon Range 

  min max 

𝑁t=0 1.0 0.0 10.0 

𝐵t=0 1.0 0.0 10.0 

𝑟n 0.1 0.0 1.0 

𝑟b 0.1 0.0 1.0 

𝑍0 1.0 0.0 1.0 

𝐾b 10.0 0.0 10.0 

𝑁h 0.0 0.0 1.0 

𝑁i 0.0 0.0 1.0 

𝐿 0.0 - - 

𝐻 0.0 - - 

𝐶(𝐿 + 𝐻) 0.0 0.0 1.0 

ℎ 0.0 0.0 1.0 

𝑎 0.5 0.0 1.0 

𝑐 1.0 0.0 4.0 
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2.3. Numerical methods 

The same combination of parameters as described in the 
previous sections was considered to carry out a series of 
numerical simulations. A simulation consisting of 120 time units 
representing plant generation time, at 1/1000 time steps 
integrated via the Runge-Kutta 4 (RK4) method was carried out 
for each combination of parameters. Numerical analyses were 
carried out through an ad hoc Python 3.10 scripts including the 
NumPy library version 1.21.5 [38]. The code to fully reproduce 
the results of this study is publicly available at [39]. 

Default and range of parameters used in the simulation are 
listed in Table 1. Unless stated explicitly, these parameters are 
used in the simulations as well, to see if parameter values are 
within the interval of parameters used in the Sobol Global 
sensitivity analysis. 

3. RESULTS 

3.1. Global sensitivity analysis 

The results of the Sobol sensitivity analysis are presented in 
Figure 2 for the biomass variable and in Figure 3 for the number of 

individuals. In both cases, sensitivity to initial conditions (𝐵 = 0, 

𝑁 = 0) was not significant, as the 95 % confidence intervals of 
the Sobol indices included zero, indicating that any effect was 
within the range of numerical error (Figure 2a and b). 

First-order Sobol indices were significant for the parameters 

𝑟n, 𝑟𝑏 , 𝑍0, 𝐾b, 𝑆i, and 𝐶 (Figure 2a). Second-order effects were 
significant for all parameter pairs, except those involving initial 
conditions (Figure 2b). No significant interactions between 
parameters were observed beyond second-order effects 
(Figure 2c). 

The most influential parameter for biomass was 𝑍0, accounting 
for over 40 % of the total variance. The second most important 

was 𝑟n, contributing approximately 15 %, followed by 𝐾b, 𝑆i, 𝑟b, 

and 𝐶. All remaining parameters accounted for less than 5 % of 
the total variance and were therefore considered comparatively 
unimportant (Figure 2a). Significant positive second order 

interactions were observed between 𝑟n, and 𝐾b (Figure 2c). 
The most influential parameters in the case of the number of 

individuals were 𝑟b, 𝐾b, and 𝑐, the shape parameter of the 
herbivores’ functional response. Other significant variables (i.e., 

𝐶, 𝑎, and ℎ, in order of importance) were not significant in terms 
of first-order effects (Figure 3a). As with biomass, total-order 
coefficients were significant for all model parameters but not for 
the initial conditions (Figure 3b). No significant positive second 
order interactions were observed (Figure 3c). 

3.2. Analysis under no extraction 

3.2.1. Equilibrium points 
Equation (3) tends to equilibrium with respect to biomass 

when 
d

d𝑡
𝐵(𝑡) = 0, as in the logistic equation. The biomass term 

from this equation is effectively separated from the number of 

individuals if 𝑁h = 0 and collapses into a logistic model with no 
influence of the number of individuals on biomass. Accordingly, 

it reaches a nontrivial equilibrium when 𝐵 = 𝐾, while the 

number of individuals slowly converges to 𝑁 =
𝐵

𝑍0
. When 𝑁h >

0, the two equations are connected, but only 𝑁 affects the 

absolute value of 𝑟, since the term 
𝑁

𝑁h+𝑁
 can only be positive. 

The equilibrium point is the same: the biomass equation is more 

stable at higher values of 𝑁, since its derivative is higher as 𝐵 

approaches 𝐾. As above, 𝑁 also tends to 
𝐵

𝑍0
. 

Including the effect of seedlings, the equilibrium is reached 
only if no seeds or seedlings are introduced into the ecosystem, 

as 𝑆(𝑡) is restricted to be positive. Otherwise, it compensates for 

an increase in population size, leading to 𝑟n (
𝐵

𝑁
− 𝑍0) 𝑁 = 𝑆(𝑡) 

for 
𝐵

𝑁
> 0, while if 𝑆(𝑡) = 0, the equilibrium point is 

𝐵

𝑁
= 𝑍0. 

The system (3) reaches equilibrium when both d𝑁 and d𝐵 are 

 

Figure 2. Global sensitivity analysis of the biomass state variable (B) with 
respect to model parameters and initial conditions. Panel (A) shows the first-
order Sobol indices, panel (B) displays the second-order indices, and panel 
(C) presents the total-interaction indices. Error bars represent the 95 % 
quantile ranges based on 128 independent runs of the Sobol analysis, with 
bars indicating the median values. In panel (C), non-significant indices (those 
whose 95 % quantile range includes zero) are shown in yellow, while 
significant indices are shown in blue. 
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zero, so the conditions 𝐵 = 𝐾b, and 
𝐵

𝑁
= 𝑍0 or 𝑟n (

𝐵

𝑁
− 𝑍0) 𝑁 =

𝑆(𝑡) should occur simultaneously. 
The Jacobian matrix of the system at equilibrium is 

considering the autonomous case with 𝑆(𝑡) = 0 (no seeding), 

where the equilibrium point is given by 𝐵∗ = 𝐾b and 𝑁∗ =
𝐵∗

𝑍0
. 

The evaluation of the Jacobian at this point yields two 
eigenvalues (see appendix for the complete analysis): one 
associated with biomass dynamics and another with the number 
of individuals. The biomass-related eigenvalue is negative for 

𝑁 > 0, reflecting logistic-like local stability. The eigenvalue 

associated with 𝑁 is 𝜆 = 𝑟n (1 − 𝑍0), which is negative if 𝑍0 >

1, indicating stability, and positive otherwise, indicating local 
instability. Thus, the nontrivial equilibrium is locally stable when 

the per capita biomass requirement 𝑍0 exceeds one, reflecting a 
density threshold for persistence. 

3.2.2. Vegetation dynamics 

Figure 4 shows the effects on 𝑁 and 𝐵 at different values of 

𝑁h. When 𝑁h = 0, even a single plant can obtain all resources. 
The number of individuals converges over time regardless of the 

initial conditions 
𝐾

𝑍0
. As in Section 3.1.1, 𝐾 was set to 10 and 

𝑍0 =  1, so that 
𝐾

𝑍0
= 10. When the average biomass of the 

individuals was lower than 𝑍0, the population trend was initially 
downward and then increased to reach the same asymptotic value 
observed in the other simulations (Figure 4A). In all cases, 

biomass approached 𝐾 sigmoidally, maintaining the same rate 
that depends only on initial conditions (Figure 4B). The average 

biomass approached 𝑍0 with a sharp decrease at higher values, 

an increase when the average initial biomass was equal to 𝑍0, and 
an overshoot when the initial biomass was lower than the 

equilibrium value. The average biomass converged towards 𝑍0 at 
the end of the simulations (Figure 4C). 

If 𝑁h = 1, the biomass is connected to 𝑁, and the population 
dynamics change accordingly, as shown in Figure 4D. The 
number of individuals increased sigmoidally if the initial biomass 

was 𝐵0 = 1; but for low values, the population increased too 

 

Figure 3. Global sensitivity analysis of the number of individuals 𝑁 state 
variable with respect to model parameters and initial conditions. Panels (A), 
(B), and (C) display the first-order, second-order, and total-interaction Sobol 
indices, respectively. Blue bars in panel (C) indicate significant indices (95 % 
quantile range does not include zero), while yellow bars denote non-
significant ones. Error bars represent 95 % quantiles across 128 Sobol runs, 
with central bars showing the median values. 

 

Figure 4. Population dynamics according to the model (3) with different initial 
conditions in terms of 𝑁0 and 𝐵0, with 𝑁h  =  0 (left column) and 𝑁h = 1 
(right column). The upper row of plots is the number of individuals as a 
function of time; the second one is biomass; and the third one is the average 
individual size. 𝑁0 and 𝐵0 are the initial conditions of the state variables 𝑁 
and 𝐵, each combination of the initial conditions is represented with 
different line colours as shown in the caption of plot A. Simulation time unit 
is in plant generations. 
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slowly and maintained a low value over the whole simulation 

time. Considering the combination 𝐵0 = 0.1 and 𝑁0 = 1, the 
population decreased until approaching the same asymptotic 

values observed for the combination 𝐵0 = 0.1 and 𝑁0 = 0.1. 

With an initial population of 𝑁0 = 1 and higher initial 

conditions, the population grew faster than with 𝑁0 = 0.1, even 
though the initial biomass was the same, reflecting a higher 
efficiency in capturing the resources caused by more initial 
individuals. In Figure 4E, the pattern is similar: with low initial 
biomass, the population grew too slowly to appreciate a 
noticeable difference in the plot, whereas the population with a 
higher initial number of individuals grew faster in terms of 
biomass. In Figure 4F, all populations converged rapidly into an 

average individual size of 
𝐵

𝑁
= 𝑍0, with one case (𝐵0 = 1 and 

𝑁0 = 1) growing to average sizes higher than 𝑍0, and then 
declining to that value. 

3.2.3. The influence of seeding 
Repeating the analysis from Section 3.1.2, but now with 

seeding, yields different results. In both cases, the population 
reached an asymptotic value of 12, which is above the expected 
𝐾

𝑍0
= 10, due to the continued addition of individuals, resulting 

in higher 𝑁. When 𝑁h = 0, there is no difference in biomass 
dynamics (Figure 5B is similar to Figure 4B), but the number of 
individuals grows faster (Figure 5A), because they are 
continuously introduced, leading to their smaller average size 
(Figure 5C). The reason is that seeds are the smallest possible 
individuals and are averaged with the rest of the population. 

When 𝑁h > 0 with seeding, the population becomes more 
efficient in acquiring resources and therefore grows faster in 
terms of the number of individuals and biomass (Figure 5A and 
B). However, the average individual size remains smaller 
(Figure 5C) than when no seeding occurs (Figure 5C). 

3.3. Analysis under constant extraction 

3.3.1. Equilibrium points 
Model (5) approaches equilibrium (in terms of biomass) if 

d

d𝑡
𝐵(𝑡) = 0. Accordingly, when the extraction 𝐶(𝑡) = 𝐿(𝑡) +

𝐻(𝑡) is greater than zero, it follows: 

𝑟b  (
𝑁

𝑟h + 𝑁
) 𝐵 (1 −

𝐵

𝐾b

) = 𝐿(𝑡) + 𝐻(𝑡) = 𝐶(𝑡). (8) 

Accordingly, without extraction (𝐶 = 0), biomass does not 

change when its carrying capacity (𝐵 = 𝐾b) is already reached. If 

𝐶(𝑡) > 0, the equilibrium point is similar to the Schaeffer model, 

namely d𝐵 = 𝐶(𝑡). As in the section above, if 𝑁h = 0, the 
model (7) becomes a simple logistic equation for biomass, thus 
extraction can be reduced to the Schaeffer model. By increasing 

𝑁h, the system becomes less efficient, as the individual plants 
cannot reach all the system resources. The effect of increasing 

𝑁h on the system is shown in Figure 6A–C. As 𝑁h increases, the 
derivative becomes lower, and the biomass extracted from the 

ecosystem decreases proportionally. On the other hand, as 𝑁 
increases, the population becomes more efficient and 

compensates for the effect of increasing 𝑁h, so the derivatives 
become more closely packed, as it is possible to observe by 
comparing Figure 6C and Figure 6A. 

3.3.2. Maximum biomass extraction 
The model has many similarities with most logistic models 

with extraction. Let us define d𝐵max as the maximum derivative 

of the biomass function and 𝐵x as the value of the variable in 

which d𝐵max occurs. Moreover, d𝐵min indicates the minimum 

derivative of 𝐵 at which the system is sustainable, and 𝐵min is 

the value of 𝐵 at which d𝐵min occurs. The values at which 𝐵min 

and d𝐵min occur are depicted with red lines in Figure 6. If 

𝐶(𝑡) = 0, the nontrivial equilibrium points are locally stable. 

When 𝐶(𝑡) < d𝐵max, the system becomes bistable. If 𝐶(𝑡) =
𝑑𝐵max, the system has an equilibrium point at 𝐵 = 𝐵x, but if 

𝐵 < 𝐵x, the system approaches zero. When 𝐶(𝑡) < d𝐵max, the 

system has a stable equilibrium point if d𝐵 = 𝐶(𝑡) and 𝐵 >
𝐵min (blue lines in Figure 6), and an unstable equilibrium point 

if d𝐵 = 𝐶(𝑡) and 𝐵 < 𝐵min (red lines in Figure 6). For 𝐵 values 
lower than the red line of Figure 6, the system approaches zero. 

The main difference with any simple logistic model is that 𝐵x is 

not 𝐾b/2, but it is also dependent on 𝑁. 

d𝐵max is equal to 

d𝐵max =
𝑟b 𝑁

𝑁h + 𝑁
𝐾B  (1 −

𝐾B

2
𝐾B

) (9) 

that can be rewritten as: 

d𝐵max = 𝑟b 𝐾B

𝑁

2(𝑁h  +  𝑁)
 . (10) 

 

Figure 5. Population dynamics according to the model of equation (3) with 
seeding under different initial conditions in terms of 𝑁0 and 𝑍0, with 𝑁h = 0 
(left column) and 𝑁h = 1 (right column). The references are the same as in 
Figure 4. Simulation time unit is in plant generations. 
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For sufficiently large 𝑁, the term 
𝑁

2(𝑁h+𝑁)
 is close to 𝑁/2, so 

it becomes indistinguishable from the logistic with d𝐵max =

𝑟b
𝐾B

2
. Therefore, the maximum extraction rate possible for a 

given population depends not only on biomass but also on the 
number of individuals and on their efficiency in consuming 
resources. As more individuals are needed to consume half of the 
resources of the system, the population is less efficient. Thus, 

d𝐵max decreases accordingly with 𝑁h, approaching zero as it 
increases (Figure 7A). With more individuals the population 

becomes more efficient, leading to an increase toward 𝑟
𝐾b

2
 

proportionally to 𝑁 (Figure 7B). 

If d𝐵max > (𝐿(𝑡) + 𝐻(𝑡)), it is possible to have a stable 

system with extraction. In this case, the critical point is when d𝐵 

is just enough to allow the extraction of (𝐿 + 𝐻) biomass. Then, 
the unstable lower equilibrium points from the logistic with 
extraction can be obtained considering the Michaelis–Menten 

curve from 𝑁 multiplying 4 𝐾 𝐶: 

d𝐵 =
𝐾 ± √𝐾2 − 4 𝐾 𝐶 (

𝑁
𝑟h + 𝑁

) 𝑟−1

2
 . 

(11) 

 

Figure 6. Derivative of 𝐵 under different initial conditions of 𝑁0 and 𝐵0. Solid lines are with 𝑁h = 0, dashed with 𝑁h = 1, and dotted with 𝑁h = 2. In contrast, 
different plots show the derivative or the population at other initial conditions, being 𝑁0 = 1 for Plot A (left), 𝑁0 = 10 (Plot B, centre), and finally 𝑁0 = 20 
(Plot C, right). Red lines indicate unstable equilibrium, and blue lines indicate stable equilibrium. The values of 𝑑𝐵 and 𝐵 at the red lines are called d𝐵min and 
𝐵min, respectively. Red arrows indicate the population trend toward a population decrease or collapse for a given constant extraction rate, whereas blue lines 
indicate population trends towards stable equilibrium. 

 

Figure 7. Maximum sustainable extraction rate d𝐵max for a plant population 
as a function of 𝑁h (above) with 𝑁0 = 10, and as a function of 𝑁0 with 𝑁ℎ =
1 (below). 

 

Figure 8. Minimum and maximum 𝐵 of stable equilibrium (𝐵min) as a function 
of 𝑁h (Plot A, above) with 𝑁0 = 10, and 𝑁0 with 𝑁h = 1 (Plot B, below) under 
a constant extraction rate of 𝐶 = 0.1. Blue lines indicate the value of 𝐵 at 
which the stable equilibrium occurs (𝐵st), and red lines the value of 𝐵 at 
which the minimum sustainable rate occurs (𝐵min). 
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Consequently, the term narrows the interval of stability (the 

difference between 𝐵min and 𝐵st), decreasing with 𝑁h 

(Figure 8B), and increases with 𝐶 (Figure 8B). Therefore, a 

system that needs more 𝑁 to consume more efficiently the 
resource is more sensitive to biomass extraction. 

3.3.3. The effect of extraction at different 𝑵𝐡 values (time series) 

The population with extraction rates higher than d𝐵max 
collapsed, regardless of the initial conditions (brown and purple 
lines in Figure 9A, B, C; brown, purple, red, and green lines in 
Figure 9D, E, F). If the total biomass approaches zero (brown 
and purple lines in Figure 9B; brown, purple, red, and green lines 
in Figure 9E), the number of individuals decreases asymptotically 
to zero (brown and purple lines in Figure 9BA; brown, purple, 
red, and green lines in Figure 9D), reflecting steady constant 

mortality once the average size is below 𝑍0. With extraction rates 

lower than d𝐵max, and initial conditions such that the population 
does not produce enough individuals to keep up with the 

extraction rate (the combination of population and d𝐵 are on the 
left of Figure 6), the population collapses as well (red and green 
lines in Figure 9E). In terms of biomass, the model (6) is, up to 

here, close to the Schaeffer equation as in the case of 𝑁h = 0. 

The average size of the individuals for initial conditions of 𝑁0 =
10 at first decreases and then becomes stable until the population 

collapses for 𝐿 > d𝐵max. Analogously, the average size of the 

individuals asymptotically increases to 𝑍0, with a lower extraction 

rate, while size recovery is faster (red, green, orange, and blue 

lines in Figure 9C). With lower 𝑁0, the average size of the 

individuals at first increases above 𝑍0, and then asymptotically 

approaches 𝑍0 (orange and blue lines in Figure 9F). The process 
is faster for lower extraction rates, while with higher extraction 
rates the average size of the individuals is temporarily higher 
(orange and blue lines in Figure 9F). For substantially high 
extraction rates the population collapses, the average size of the 
individuals never reaches stability, and rapidly declines to zero 
(brown, purple, red, and green lines in Figure 9F). 

3.3.4. The effect of extraction at different 𝒁𝟎 at 𝑵𝐡 > 𝟎 (time 
series) 

If 𝑁h is greater than zero, the system becomes less efficient in 
acquiring the resources available in the ecosystem and the 
maximum rate of extraction becomes smaller (Figure 6), so that 

the population is more likely to collapse. When 𝑁h = 1 
(Figure 10), the system resembles the situation shown in 
Figure 9. In this case, the collapse is faster, both in terms of the 
number of individuals (Figure 10A, D) and of biomass 
(Figure 10B, E). The growth/recovery is slower as well 
(Figure 10D, E), and the pattern of variation on the average 
individual size from the plot in Figure 10F is a delayed version 
of the plot in Figure 9F for the extraction rates, where the 
population does not collapse. 

 

Figure 9. The effect of initial conditions on the long-term dynamics of the 
vegetation model under different extraction rates by livestock 𝐿. As in 
Figure 4, the plot shows the number of individuals, total biomass, and 
average biomass as a function of time with different levels of extraction, plots 
on the left column are with 𝑁0 = 10 (on the carrying capacity). On the right 
column with 𝑁0 = 2 (below 𝐵max), 𝐿 ranged from zero to 0.5 (the maximum 
possible extraction rate, according to equation (6), was 0.25), and other 
parameters were 𝐾 = 10, 𝑟 = 0.1, 𝑁h = 0, and 𝑆 = 0. 

 

Figure 10. The effect of the initial conditions on the long-term dynamics of 
the vegetation model under different extraction rates by livestock 𝐿, as in 
Figure 9, but now with 𝑁h = 1. As in Figure 4 and 9, the plot shows the 
number of individuals, total biomass, and average biomass as a function of 
time with different levels of extraction; plots on the left column are with 
𝑁0 = 10 (on the carrying capacity). On the right column with 𝑁0 = 2 (below 
𝐵max), 𝐿 ranged from zero to 0.5 (the maximum possible sustainable 
extraction rate, according to equation (6), was 0.25), and other parameters 
were 𝐾 = 10, 𝑟 = 0.1, and 𝑆 = 0. 
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3.3.5. The effect of extraction with seedling at 𝑵𝐡 > 𝟎 (time 
series) 

Seeding does not affect d𝐵max directly, but the replenishing 
of size zero individuals increases the efficiency of the system, or 
rather, it decreases the rate at which the system loses efficiency 
due to continuous extraction. However, the system is dependent 

on 𝑁h. If 𝑁h = 0 (Figure 11A–D) adding seeding does not 
produce any effect, and the population collapses because the 
addition of individuals does not increase the system’s efficiency. 

If 𝑁h > 0, seeding influences the dynamics of the system, as 𝑁h 
limits its efficiency delaying (and sometimes avoiding) the 
collapse under constant extraction rates (Figure 12A–D). The 

effect of seeding becomes stronger as 𝑁h increases, because the 
addition of individuals increases, even more, the efficiency of the 
system, avoiding or delaying its collapse (Figure 13A–D). 

3.4. Analysis under functional response extraction 

The interaction between 𝑁h, seeding, 𝑁0, and the type of 
extraction (constant, type-I and type-II functional responses) is 

shown in Figure 14. Overall, as 𝑁h increases, the curve decreases 
and, therefore, the system is more likely to collapse, and thus less 
sustainable (Figure 14A). With constant extraction, the system is 
less sustainable at lower population sizes in terms of biomass, 
and, with type-I and type-II functional responses, the system 
increases its sustainability. At lower biomass levels, the difference 

between curves with high and low 𝑁h might make the difference 
between sustainable and unsustainable systems. 

By increasing seeding, it is also possible to increase the 
sustainability of the system, as shown in Figure 14B, although its 
effect is much smaller because it causes low changes in the 
number of individuals per time unit. Figure 14C shows the effect 

of the different numbers of individuals at time 𝑡 = 0, which is 
equivalent to the effect of massive seeding as well. The system 

increases its output at a higher 𝑁 but, as in Figure 6A–C and 
Figure 7B, it saturates in a diminishing return way. Accordingly, 

higher 𝑁 might increase the sustainability of the system, 
especially under low biomass conditions. Overall, sustainability 

is achieved if d𝐵(𝐵) > 𝐶(𝐵) =
𝑎h 𝐵c

1+𝑎h 𝐵c 
 for 𝐵 < 𝐵max. 

4. DISCUSSION 

4.1. Summary of the model 

This study introduces a new model of plant population 
dynamics, a useful tool to understand vegetation dynamics in 
grazing contexts, where plant populations are used by extensive 
livestock systems. In particular, we considered farming systems 
where: i) the human intervention is limited to a pastoral practice, 
ii) only a limited amount of plants are introduced to increase the 
population (via seeding or seedlings), iii) this action has a small 

 

Figure 11. The effect of initial conditions on the long-term dynamics of the 
vegetation model under different extraction rates by livestock 𝐿, as in 
Figure 9, but now with different values of 𝑆. As in Figure 4, Figure 9, and 
Figure 10, the plot shows the number of individuals, total biomass, and 
average biomass as a function of time with different levels of extraction; plots 
on the left column are with 𝑆 = 0 (no seeding) and on the right column with 
𝑆 = 0.2. L ranged from 0.2 to 0.3 (the maximum possible sustainable 
extraction rate, according to equation (6), was 0.25 for this combination of 
parameters), and other parameters were 𝐾 = 10, 𝑟 = 0.1, and 𝑁h = 0. 

 

Figure 12. The effect of initial conditions on the long-term dynamics of the 
vegetation model under different extraction rates by livestock 𝐿, as in 
Figure 11, but now with 𝑁h = 1. As in Figure 4, Figure 9, Figure 10, and 
Figure 11, the plot shows the number of individuals, total biomass, and 
average biomass as a function of time with different levels of extraction; plots 
on the left column are with 𝑆 = 0 (no seeding) and on the right column with 
𝑆 = 0.2. 𝐿 ranged from 0.2 to 0.3 (the maximum possible sustainable 
extraction rate, according to equation (6), was 0.25 for this combination of 
parameters), and other parameters were 𝐾 = 10, 𝑟 = 0.1, and 𝑁h = 1. 
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effect on the total biomass, and iv) biomass is removed by 
domestic herbivores, whose size is under the direct human 
control (i.e. based on a stocking rate decision). To achieve that 
goal, we split the population model into two different state 

variables: a) biomass (or raw abundance), which influences the 
growth rate of the population, and b) the number of individuals 
or vegetation cover, which influences the efficiency in 
consuming the resources of the environment. 

 

Figure 13. Interaction between seeding 𝑆 and resource efficiency use 𝑁h on the long-term population dynamics according to model (5), considering a constant 
extraction rate 𝐿 of 0.25 (the maximum possible sustainable extraction rate, according to equation (5), was 0.25 for this combination of parameters and 𝑁h =
0). As in Figure 4, Figure 9, Figure 10, and Figure 11, the upper plot shows the number of individuals, in the middle the total biomass, and at the bottom the 
average biomass as a function of time. Different line colours show different seeding levels. Each column has a different value of resource efficiency use, with 
𝑁h = 0 (left column), 𝑁h = 1 (central column), and 𝑁h = 2 (right column). 

 

Figure 14. Derivative of 𝐵 at different efficiencies in relation to 𝑁ℎ values (A), seeding rates (B), and initial conditions of 𝑁0 (C). Red lines indicate unstable 
equilibria and blue lines stable equilibria. Black solid lines indicate constant extraction rates for d𝐵 = d𝐵max under the conditions of the coloured dashed lines, 
black dashed lines indicate proportional extraction (Holling's type-I functional response), and black dotted lines indicate Holling's type-II functional response 
extraction. The arrows show some equilibrium points, stable by convergent, and unstable by divergent arrows. 
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As a result, the model simulates the populations along two 
independent variables: the number of individuals and total 
biomass. Biomass grows in a logistic way, being restricted by the 
carrying capacity of the system, whereas the number of 
individuals is limited by the average size. Hence, both variables 
are interconnected by a feedback loop, consisting of mutual 
restrictions. According to the model, the number of individuals 
is limited by biomass, so they can grow up to the limit where 
mortality and natality are balanced, and the net increase is zero. 
In turn, the number of individuals affects the efficiency at which 
the resources of the system are consumed by the population, 
limiting the growth rate of its biomass. 

4.2. Human intervention 

Human intervention has both a negative and a positive 
impact. On the one hand, negative intervention is represented as 
an indirect action, where the livestock removes biomass. That 
pattern attempts to simulate pastoral systems, where plant 
populations are measured in terms of biomass or vegetation 
cover, instead of the number of individuals (e.g., [39]–[42]). 
According to our approach, the number of individuals is 
associated positively with the surface covered [43]. This is a direct 
consequence of splitting the population size into two state 
variables, where one indicates the efficiency of consuming 
resources from the ecosystem. Populations of plant species 
covering a greater surface are capable of capturing resources 
more efficiently than a population concentrated more in a 
reduced space with the same total biomass [44]. 

On the other hand, a positive human intervention is 
represented by adding seeds or seedlings with zero or near-zero 
biomass, if compared to the carrying capacity. Adding seeds 
increases the spatial distribution and the number of individuals, 
thus increasing the efficiency in capturing the resources and, 
accordingly, the population size [45]. Given that the systems 
simulated are not subject to irrigation or fertilisation, no changes 
in carrying capacity are expected by human actions. Seeding of 
pastures is a frequent farming practice worldwide [46], which 
gained increased attention in the last decade in arid and semi-arid 
environments [46], [47]. Seeding replaces existing plants with 
more productive species [48] or increases the number of plants 
and their spatial coverage, such as in rangeland restoration 
programs [46]. Seedling planting also accelerates the recovery of 
rangeland populations, which is the rationale for its use in soil 
restoration initiatives [49], [50]. 

4.3. Global sensitivity and key parameters 

The model shows robustness to initial conditions, 
consistently converging to a unique non-trivial equilibrium or 
extinction, without oscillatory or chaotic behaviours, even under 
nonlinear dynamics. This stability stems from the internal 
feedback loop between two distinct, yet interdependent, 
descriptors of the same population: biomass and number of 
individuals. 

Among model parameters, the biomass equilibrium is most 

sensitive to the carrying capacity 𝐾b, which governs the upper 
limit of biomass regardless of other influences. While other 

parameters modulate the rate or curvature of growth, 𝐾b 
ultimately defines the system’s long-term state. 

In contrast, the equilibrium value of the number of 
individuals is most affected by the shape of the functional 
response curve, which defines how efficiently resources are 
captured per individual unit. This parameter influences both the 
slope and the curvature of the consumption function and 

therefore determines the speed and saturation level at which 
resource uptake approaches its maximum. As a consequence, it 
strongly affects the point where the consumption and 
recruitment curves intersect (see Figure 14), which is crucial for 
the establishment of a stable population size. 

4.4. Model assumptions, limitations, and spatial scope 

While the model captures key feedback in grazing systems 
with minimal complexity, it necessarily simplifies several 
ecological and management realities. Notably, all parameters 

(e.g., growth rates 𝑟b, 𝑟n, carrying capacity 𝐾b) are held constant. 
In real systems, these parameters may vary due to climatic or 
anthropogenic drivers, such as rainfall, temperature, or land use 
change. Introducing temporal variability or stochasticity would 
increase realism, but at the cost of analytical tractability. 
Nevertheless, future studies could explore this through 
parametric sensitivity analyses or simulations under variable 
environments. 

In its current form, the model also assumes that both 
extraction (grazing) and seeding occur continuously and 
deterministically. In practice, these are often seasonal or 
influenced by socio-economic constraints, introducing 
periodicity or stochastic forcing. Such extensions could be 

implemented via time-dependent functions 𝑆(𝑡) and 𝐶(𝑡), with 
system responses analysed through Fourier transforms or 
stochastic simulation methods. 

The model remains spatially implicit. While spatial 
heterogeneity (e.g., fertility islands or patchy grazing) is an 
essential feature of many rangelands, its explicit representation 
requires detailed data, complex parameterisation, and 
computational cost. Moreover, the sessile nature of plants and 
their slow dispersal often make local feedback more relevant for 
seasonal or management timescales than large-scale spatial 
dynamics. Thus, the model is more prone to simplicity and 
generalisability than to spatial realism. Future work could 
hybridise this framework with spatially explicit models when 
spatial processes (e.g., water redistribution, erosion, or seed 
dispersal) dominate the system's behaviour. 

The formulation of resource-use efficiency as a linear 

function of biomass-to-individual ratio (
𝐵

𝑁
− 𝑍0) was chosen for 

mathematical simplicity. While nonlinear functions may better 
capture saturation, interference, or threshold effects, they also 
reduce the tractability and clarity of the results. Extensions with 
sigmoidal or hyperbolic efficiency functions could be tested 
numerically, notably in contexts where nonlinear effects are 
expected to be ecologically significant. 

4.5. The dynamics of the model 

Broadly, the dynamics of the system resemble the logistic 
models with extraction proposed by Schaeffer [34] and Noy-Meir 
[12], on which this model is based. Our contribution highlights 
that the number of individuals produces an effect on the short- 
and long-term dynamics as well. The stability of the system is 
close to the abovementioned logistic models with extraction, but 

with an additional parameter 𝑁h. The initial conditions, in terms 

of 𝑁t = 0, and, in general, of the total population size, in terms 
of the number of individuals, affect the threshold or the unstable 
equilibrium point. The threshold separates the upper basin, in 
which the population stabilises at a finite positive value, and the 
other basin, in which the population converges to zero or 
becomes unsustainably low for the given extraction level. 
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4.6. Comparison with detailed biophysical approaches 

This model can be considered an easier tool for simulating 
vegetation dynamics on extensive livestock production systems, 
being an alternative to complex biophysical models with several 
variables such as DSSAT [51] or DairyMod [52], to cite some 
examples. Besides their utility as managing tools or describing 
complex interactions between biophysical processes, complex 
models are often data-intensive and require the measurement of 
a large number of variables. Simpler models are more prone to 
generalise different types of systems or environments. 

4.7. Methodological proposal for applicability on real data 

Recently, new studies using field and remotely sensed data 
coupled with differential equation models have been supported 
by sophisticated estimation methods, such as Particle Filters or 
Sequential Montecarlo estimates, to describe the vegetation 
dynamics on rangelands [53]. These approaches, combined with 
this new model, can improve the results and allow a better 
understanding of vegetation dynamics in extensive livestock 
systems. 

The number of individuals is a variable of difficult estimation 
from field surveys, but the use of new tools such as high-
resolution images acquired by drones and coupled with computer 
vision allows measurements in larger areas [54]. As an alternative, 
vegetation cover is available in remotely sensed data [55], and it 
is a standard variable as well [41], [56]. While in some cases 
vegetation cover and biomass are considered interchangeable, 
they are conceptually different and the use of a different measure 
as a surrogate for biomass may generate misconceptions [57]. 
While these two variables are positively correlated, some 
differences might occur when the ecosystem is not in equilibrium 
[43]. In this case, even one variable might lag the other, 
depending on the intervention in the ecosystem, as shown in this 
study. Given that the main reason behind the separation of the 
number of individuals and biomass is to obtain a better 
measurement of the efficiency of the populations in reaching the 
resources, on a spatially spread population, without resorting to 
a spatially explicit model, for the purposes of this model, 
vegetation cover can be used to replace the number of 
individuals. 

5. CONCLUSIONS 

The model proposed in this study aims at simulating and 
studying the population dynamics of plants in extensive livestock 
systems, where population size is represented without increasing 
the overall complexity. By splitting the plant population size into 
biomass and number of individuals, we were able to add the 
effect of efficiency in consuming the resources in systems under 
continuous extraction without resorting to a spatially explicit 
model. This will allow further theoretical and field studies in 
which dynamical systems might be used to better understand 
measured population size data as a function of environmental 
variables. 

Accordingly, we have provided a simplified yet effective 
framework for simulating plant population dynamics in extensive 
livestock systems. By separating biomass and the number of 
individuals, we capture the efficiency of resource use without 
resorting to spatially explicit models. This approach not only 
enhances our theoretical understanding of vegetation dynamics 
but also offers practical tools for rangeland management and 
restoration. Future research could explore the model's 
integration with remote sensing data and its application in diverse 

ecological and climatic contexts, further advancing sustainable 
rangeland management practices. 
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APPENDICES 

Appendix A: Stability under constant extraction 

We analyse the local stability of non-trivial equilibria in a 

coupled system describing total biomass 𝐵(𝑡) and the number 

of plant individuals 𝑁(𝑡), under constant extraction 𝐶(𝑡) = 𝐶 >
0. The governing equations are: 

d

d𝑡
 𝐵(𝑡)  =  𝑟b 

𝑁(𝑡)

(𝑁h + 𝑁(𝑡))
 𝐵(𝑡) (1 −

𝐵(𝑡)

𝐾b
) − 𝐶 

d

d𝑡
 𝑁(𝑡)  =  𝑟n  (

𝐵(𝑡)

𝑁(𝑡)
− 𝑍0)  𝑁(𝑡) + 𝑆 . 

(A1) 

We look for non-trivial equilibria (𝐵∗, 𝑁∗) satisfying 

 0 =  𝑟b 
𝑁∗

𝑁h + 𝑁∗
𝐵∗ (1 −

𝐵

𝐾b

) − 𝐶 (A2) 

 0  =  𝑟n  (
𝐵∗

𝑁∗
−  𝑍0) 𝑁∗ + 𝑆 . (A3) 

The Jacobian (𝐵∗, 𝑁∗) is: 

𝐽(𝐵∗, 𝑁∗) = (

𝜕𝑓B

𝜕𝐵

𝜕𝑓B

𝜕𝑁
𝜕𝑓N

𝜕𝐵

𝜕𝑓N

𝜕𝑁

) , (A4) 

with 

𝜕𝑓B

𝜕𝐵
= 𝑟b  (

𝑁∗

𝑁h + 𝑁∗
) (1 −

2 𝐵∗

𝐾b

) (A5) 

𝜕𝑓B

𝜕𝑁
= 𝑟b𝐵∗  (1 −

𝐵∗

𝐾b

 ) (
𝑁h

(𝑁h + 𝑁∗)2
) (A6) 
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𝜕𝑓N

𝜕𝐵
  =  𝑟n (A7) 

𝜕𝑓N

𝜕𝑁
  =   − 𝑟n (𝑍0 −

𝐵∗

𝑁∗
) . (A8) 

Stability requires: 

𝑡𝑟(𝐽) = 𝐽11 + 𝐽22 < 0 

det(𝐽) = 𝐽11𝐽22 − 𝐽12𝐽21 > 0 . 

Appendix B: Stability under type-II functional response 
extraction 

Let us consider the extraction described by a type-II 
functional response: 

𝐶(𝐵) =
𝑎 𝐵

ℎ + 𝐵
 , (A9) 

with 𝑎 > 0 the maximum extraction rate and ℎ > 0 the half-
saturation constant. The governing equations are: 

d

d𝑡
 𝐵(𝑡)  =  𝑟b 

𝑁(𝑡)

(𝑁h + 𝑁(𝑡))
 𝐵(𝑡) (1 −

𝐵(𝑡)

𝐾b
)

−
𝑎 𝐵

ℎ + 𝐵
 

d

d𝑡
 𝑁(𝑡)  =  𝑟n  (

𝐵(𝑡)

𝑁(𝑡)
− 𝑍0)  𝑁(𝑡) + 𝑆 . 

(A10) 

The equilibrium conditions are 

 0 =  𝑟b 
𝑁∗

𝑁h + 𝑁∗
𝐵∗ (1 −

𝐵

𝐾b

) −
𝑎 𝐵∗

ℎ + 𝐵∗
 (A11) 

 0 =  𝑟n  (
𝐵∗

𝑁∗
−  𝑍0) 𝑁∗ + 𝑆 (A12) 

and the Jacobian 

𝜕𝑓𝐵

𝜕𝐵
= 𝑟b  (

𝑁∗

𝑁h + 𝑁∗
)   (1 −

2 𝐵∗

𝐾b

) −
𝑎 ℎ

(ℎ + 𝐵∗)2
 (A13) 

𝜕𝑓𝐵

𝜕𝑁
= 𝑟b 𝐵∗  (1 −

𝐵∗

𝐾b

 ) (
𝑁h

(𝑁h + 𝑁∗)2
) (A14) 

𝜕𝑓𝑁

𝜕𝐵
= 𝑟n (A15) 

𝜕𝑓𝑁

𝜕𝑁
= −𝑟n (𝑍0 −

𝐵∗

𝑁∗
) . (A16) 

Reduced biomass dynamics 

Simplified model: 

d

d𝑡
𝐵(𝑡)  =  𝑟b 𝐵(𝑡) (1 −

𝐵(𝑡)

𝐾b

) −
𝑎 𝐵

ℎ + 𝐵
 , (A17) 

with equilibrium conditions given by  

[𝑟b  (1 −
𝐵

𝐾b

) (ℎ + 𝑏) − 𝑎] = 0 . (A18) 

Let us define  

𝑓(𝐵) = 𝑟b  (1 −
𝐵

𝐾b

) (ℎ + 𝑏) − 𝑎 . (A19) 

If 𝑎 > 𝑓(𝐵), biomass collapses. Otherwise, one or two 
positive equilibria exist. The Jacobian in this case is: 

𝐽(𝐵∗) = 𝑟 (1 −
2 𝐵∗

𝐾
) −

𝑎 ℎ

(ℎ + 𝐵)2
 . (A20) 

Appendix C: Conceptual conclusions 

- Both constant and type-II extraction reduce equilibrium 
biomass. Collapse occurs if extraction exceeds 
regenerative capacity. 

- External input 𝑆 > 0 helps to sustain 𝑁∗, buffering 
collapse risk. 

- Type-II extraction introduces non-linearities; critical 

extraction rate depends on 𝑎 and ℎ. 
- Local stability follows from the Jacobian trace and 

determinant. Collapse can be anticipated by evaluating 
these conditions. 
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