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1. INTRODUCTION 

The study of measurement accuracy for ion concentration in 
substances, based on different principles of instrument design, 
is a relevant task aimed at enhancing the reliability of 
measurements. One approach to improving measurement 
reliability is by reducing measurement errors through 
advancements in ion concentration measurement methods. 
According to various sources [1]-[7], the most commonly used 
physic and chemical methods for determining ion activity 
(concentration) include amperometry, high-frequency titration, 
spectrophotometry, chronoconductometry, and ionometry.  

The objective of this paper is to develop a methodology for 
assessing the accuracy of measuring instruments by calculating 
analytical expressions for the additive and multiplicative errors 
present in models used to measure ion concentrations of humus 
components in soil. This is achieved by expanding the 
measurement instrument transformation equation into a Taylor 
series. As is known from works [8]-[12], the main accuracy 
characteristics of measurement instruments include sensitivity, 
additive and multiplicative errors, and uncertainty. It is also 

necessary that the mathematical tools used in measuring 
instrument research allow us to easily derive equations for 
estimating basic accuracy characteristics. Therefore, it would be 
beneficial to develop a generalized mathematical framework for 
studying the metrological characteristics of measuring 
instruments, which can be readily expressed in terms of 
measurement uncertainties. This approach involves using a 
model equation that describes the operation of the measuring 
instrument. The model equation is expanded into a Taylor series 
[13], from which mathematical models for the additive and 
multiplicative errors of the instrument are derived. The 
mathematical models of measuring means errors make it 
possible to study the characteristics of their changes depending 
on the measurement range and other values of the influencing 
quantities. The characteristics of the errors of measuring means 
obtained in this way are proposed to be recalculated into 
characteristics of measurement uncertainty. For this purpose, a 
methodology has been developed for converting the error 
characteristics into uncertainty characteristics, which is 
described in detail in this work. 

ABSTRACT 
To analyze the metrological characteristics of measuring instruments, it was proposed to expand the conversion equation into a Taylor 
series. The components of this series yield equations that describe the instrument’s sensitivity as well as its additive and multiplicative 
errors. Additionally, a mathematical model is introduced, allowing the conversion of these additive and multiplicative errors into 
measurement uncertainty. The proposed models were tested using a measurement model for ion concentration based on ion-selective 
electrodes. The measurement accuracy assessment methodology demonstrated that the expanded uncertainty of ion concentration 
measurements ranges from ± 0.101 pX to ± 0.204 pX, depending on the measurement range. Measurements performed at the beginning 
of the measurement range exhibit lower values of expanded uncertainty, while measurements conducted at the upper measurement 
range show slightly higher values of expanded uncertainty. 
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2. METHOD AND MEASUREMENT MODEL 

Potentiometry is an electrochemical method based on 
measuring the potential difference between two electrodes 
immersed in the studied environment. By determining the 
electrode potential, it is possible to assess the activity 
(concentration) of particles or monitor changes in this activity 
during a reaction. The active part of the selective electrode 
forms a boundary between the electrode's sensitive element and 
the studied environment, where ion exchange occurs. This leads 
to the establishment of thermodynamic equilibrium, in which 
the electrochemical potentials of the ions on both sides of the 
boundary are equal. These potentials are determined by the 
activity of the ions being studied, with the ion activity in the 
sensitive element remaining constant and varying in the studied 
environment. When applying an equation that relates the 
potential difference across the boundary to the activity of 
specific ions in the environment, the Nernst equation is 
formulated as follows [14]: 

Δ𝑈 = 𝑈0 +
2.3 𝑅 𝑇

𝑛𝑖  𝐹
lg 𝑎𝑖  , (1) 

where Δ𝑈 - is the potential difference between the ion – selective and 

auxiliary electrodes (mV); 𝑈0 - is the value of the potential in the initial 

point of the measuring range (mV); 𝑅 - is the universal molar gas 

constant; 𝑇 - is the absolute temperature of the studied environment; 

𝑛𝑖 – is the charge of the ith ion; 𝐹 - is the Faraday constant, 𝑎𝑖 – is the 
activity of the ith ion in the studied environment [15]-[18].  

General potential difference between the two ends of the circuit is 
described by the expression [15], [16]: 

Δ𝑈 = (𝐸𝑟 +𝑈0 +
2.3 𝑅 𝑇

𝑛𝑖  𝐹
lg 𝑎𝑖)

− (𝐸𝑟
′ +𝑈0 +

2.3 𝑅 𝑇

𝑛𝑖  𝐹
lg 𝑎𝑖

′) . 
(2) 

Having grouped the constant values, we obtain the graduation 

voltage 𝑈0
′, which is determined by the selection of the count point: 

𝑈0
′ = 𝐸𝑟 −

2.3 𝑅 𝑇

𝑛𝑖  𝐹
lg 𝑎𝑖

′ − 𝐸𝑟
′ . (3) 

In expression (3) it is also necessary to take into account the 
potential of the electrode bridge and asymmetry potential of the 
sensitive element, as a result we obtain: 

Δ𝑈 = 𝑈0
′ +
2.3 𝑅 𝑇

𝑛𝑖  𝐹
lg 𝑎𝑖  . (4) 

Ion-selective electrodes generate a signal determined by the activity 
of the ions, which, at a constant temperature, depends on factors such 
as the concentration of the studied ions, their charge (electrovalence), 
size, and the nature and concentration of other ions present in the 
environment [19]-[21]. The characteristics of the potential difference 
of ion-selective electrodes, as described by the transformation equation 
(4), vary depending on the range of chemical substances' charges, which 
include both negatively and positively charged ions. These 

characteristics are illustrated in Figure 1. The Maple software 

environment was utilized to construct all characteristics of the variation 
in measured and additional quantities based on the proposed 
transformation equations. 

In ionometry, the concentration of ions is expressed in terms of pX 
values, which are related to the ion activity by the following equation: 

𝑝𝑋𝑖 = − lg 𝑎𝑖  . (5) 

Substituting the expression (5) in the transformation equation of 
ion selective electrodes (4), we obtain a linearized transformation 
equation: 

Δ𝑈 = 𝑈0
′ −
2.3 𝑅 𝑇

𝑛𝑖  𝐹
𝑝𝑋𝑖  . (6) 

To improve the accuracy of measuring ion concentration in 
chemical substances, it is suggested to simultaneously measure the 
temperature of the environment along with the ion concentration. 

Using the measured temperature, the potential difference Δ𝑈 of the 
ion-selective electrodes can be calculated. For this purpose, the 

steepness coefficient 𝑆 = 2.3 𝑅 𝑇 𝐹⁄  in equation (6) is replaced with 

an expression 𝛼 (273.15 + 𝑡) that accounts for temperature 
variations. This modification results in a linearized transformation 
equation for the ion-selective electrode, which has the following form: 

Δ𝑈 = 𝑈0
′ −
𝛼 (273.15 + 𝑡)

𝑛a
𝑝𝑋𝑖  , (7) 

where 𝛼 is temperature coefficient of the steepness 𝑆, that equals 

198.4 × 10-3/K; 𝑡 is the temperature (in °C) of the environment being 
analysed [14], [22], [23]. 

Figure 2 illustrates the static characteristics of the linearized 
transformation Equation (7), which includes the measured temperature 
of the examined environment. 

To assess the influence of temperature, a key factor in the 
transformation Equation (7), on ion concentration measurements, we 
examined the errors resulting from a 1 K temperature variation. The 
reference theoretical temperature, assumed without additional 
measurements, is 25 °C. We calculated the impact of a 1 K deviation 
from this baseline using a mathematical model for the relative error: 

𝛿𝑈 =
[𝑡𝑑 − 𝑡]

𝛼 ⋅ 𝑝𝑋𝑖
𝑛a

𝑈0
′ −
𝛼 (273,15 + 𝑡𝑑)

𝑛a
 𝑝𝑋𝑖

∙ 100 % , (8) 

a)  

b)  

Figure 1. Characteristics of the potential differences change: a) - at positively 
charged ions; b) - at negatively charged ions.  
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where 𝑡 is the theoretical value of the temperature that equals the 

calibration temperature of the ion selective electrode 25 °C; 𝑡𝑑 is the 
real value of the studied environment temperature, which deviates from 
the theoretical by 1 K. 

Figure 3 illustrates the relative error characteristic caused by a 1 K 

deviation from the theoretically accepted temperature value (25 °C) 
across the entire measurement range for negatively charged ions. 

Similarly, Figure 4 shows the relative error characteristic for positively 

charged ions. 

Based on the error analysis conducted (as shown in Figure 3 and 

Figure 4), it is evident that temperature significantly affects ion 

concentration measurements. The error introduced by a deviation of 
the actual temperature from the theoretical value, which is used as the 
default calibration temperature, is 0.36 % / K for negatively charged 
ions. For positively charged ions, the error is 10.4 % / K at a low 
measurement range of 7 pX. Therefore, the execution of direct 
temperature measurements can significantly enhance the accuracy of 
ion concentration measurements. The linearized transformation 
equation (7), which includes additional temperature measurements, 
allows for high-accuracy studies of ion concentrations. As the research 

indicates (Figure 3), the temperature measurement channel should 

have an error of less than ±0.05 % (or absolute temperature limits 
± (0.15 K + 0.002 t)) for the lower measurement range of 0.3 pX to 
effectively account for a 1 °C temperature change. 

It is also known that when measuring the activity of primary ions 
according to the Nikolsky equation [24], the accuracy of the 
measurement (electrode potential) is influenced by the presence of 
extraneous ions: 

Δ𝑈 = 𝑈0
′ +
𝛼 (273.15 + 𝑡)

𝑛a
 lg(𝑎A +𝐾c 𝑎B) , (9) 

where 𝑎A is the activity of the main ions that are to be measured; 𝑎B is 

the activity of foreign (interfering) ions; 𝐾c is selectivity coefficient. 
Studies on the impact of foreign ions on the measurement of 

primary ion activity were conducted in [6], [25] and are not addressed 
in this work. These studies utilized ion-selective electrodes to measure 
the activity of ammonium nitrogen, potassium, nitrate nitrogen, and 
fluoride. It is well known that the ion-selective electrode is designed to 
measure the activity of certain ions even in the presence of 10-100 
times more foreign (interfering) ions [26]. The selectivity coefficient of 
an ion-selective electrode, which depends on the nature of the ions 
being measured, is determined experimentally to improve calibration 
accuracy. Experimental results indicated that the selectivity coefficient 
is significantly less than one for the studied ions, meaning that the 
interfering ions do not significantly impact the accuracy of the primary 
ion measurements. Consequently, the measurement model does not 
account for interfering ions, assuming that all used ion-selective 
electrodes are sufficiently selective for the primary ions. However, if 
experimental data indicate that interfering ions significantly affect the 
electrode potential (i.e., when the selectivity coefficient is equal to or 
exceeds one), corrections are made to account for their influence on 
the measurement of primary ion activity. Various principles of 
secondary measurement conversion, including analog-to-digital 
conversion with successive approximation, time-pulse conversion, and 
voltage-to-frequency conversion, were also investigated [6], [11]. The 
proposed means of measuring ion concentration is intended to control 
the humus components in soil with improved metrological 
characteristics. In this case, the means for measuring ion concentration 
consists of ion-selective electrodes, a reference electrode, a secondary 
measuring transducer, and a temperature-measuring channel. As a 

a)  

b)  

Figure 2. The static characteristics of ion-selective electrodes at a 
temperature of 20 °C are depicted as follows: a) For positively charged ions; 

b) For negatively charged ions.  

 

Figure 3. Characteristic of the relative measurement error change for 
negatively charged ions resulting from a 1 K temperature deviation.  

 

Figure 4. Characteristic of the relative measurement error change for 
positively charged ions concentration resulting from a 1 K temperature 
deviation.  
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result of research, it was found that, together with ion-selective 
electrodes and a reference electrode, it is best to use the principle of 
voltage-to-frequency conversion as a secondary measuring transducer 
[11], since such a voltage-to-frequency converter (AD7742) shows the 
highest accuracy even with insignificant nonlinearity of the output 
characteristic (0.012 %). The block diagram of the measurement 

system, shown in Figure 5, includes [11]: the ion-selective converter 

(pX/U), reference electrode (pXС/UC), two operational amplifiers in 
each measurement channel (MC) for measuring both positive and 
negative pX values (A1 – A4), multiplexers (MX1 and MX2), voltage-
to-frequency converters (VFC) for converting the potentials of the 
reference electrode (UC/FC) and ion-selective electrode (U/F) into 
frequency, the microcontroller (MC), the liquid crystal display (LCD), 
the voltage levels converter (RS232) for data transfer to a computer 
(PC). The temperature measurement channel includes the 
thermosensitive converter, the scale converter (SC), and the voltage-
to-frequency converter. 

Considering the equation for converting ion concentration into 
voltage (Equation 7), which governs the operation of the ion-selective 
electrode, and the conversion function of the secondary voltage-to-
frequency converter (AD7742), we can derive a combined conversion 
function that models the process of measuring ion concentration using 
the proposed high-precision instrument: 

𝑁U/F =
𝑈max 𝜏 𝑓0

(𝑈0
′ − 𝛼 (273.15 + 𝑡) 𝑛a

−1 𝑝𝑋𝑖) 𝑘
 , (10) 

where 𝑈max – is the value of the reference voltage of VFC (10 V); 𝜏 = 
RS – constant of VFC time, used for setting the full-scale output 
frequency of the quartz-crystal resonator of the microcontroller 

(R = 1 kОhm, С = 47 mF); 𝑓0 – is the frequency of the quartz-crystal 

resonator of the microcontroller (20 MHz); 𝛼 – is temperature 

coefficient of steepness S, that equals 198.4 × 10-3/𝐾; 𝑡 – is the 

temperature (in °C) of the environment being analysed; 𝑈0
′ – the 

graduation voltage, which is determined by the selection of the 

reference point; 𝑝𝑋𝑖 – the concentration of ions; 𝑛a – is the ion charge; 

𝑘 - is the amplification factor of the operational amplifier [6], [27]. 

Figure 6 presents the characteristics of the output signal variations 

of the measuring instrument, represented as a binary decimal code 

𝑁U/F, in relation to the input measurement range (ion concentration 

𝑝𝑋𝑖) and the charge of the ions (positive or negative). These 
characteristics reveal that the transformation function of the 
instrument is nonlinear. Nevertheless, despite this nonlinearity, the 
VFC exhibits an exceptionally low level of nonlinearity across a broad 
frequency range, with deviations staying below 0.012 % [28]. 

Using the measurement model (10), analytical dependencies were 
derived for studying additive and multiplicative errors, the method for 
obtaining which is described in detail in Section 3. 

3. ADDITIVE AND MULTIPLICATIVE ERRORS 

Under the operating conditions of the measurement means, 
the ion concentration is functionally converted from the input-
measured value 𝑝𝑋𝑖  into a pulse count (binary decimal code 

𝑁U/F). In addition to the measured input value 𝑝𝑋𝑖, various 
influencing factors affect the conversion process. These include 
parameters that are directly linked to the input value and 
introduce non-informative components into the conversion. An 
analysis of the derived measurement model (10) reveals that the 
conversion of the informative parameter 𝑝𝑋𝑖 into the output 
signal is impacted by numerous factors. However, since most of 
these factors remain constant, and temperature is one of the key 
variables when measuring ion concentration, we will focus on 
examining the role of temperature as an influencing factor on 
the informative parameter. 

To derive analytical expressions for the key metrological 
characteristics of the measurement means for ion concentration, 
we can expand our measurement model (10) using Taylor’s 
Series, resulting in the following dependencies [13], [29]: 

𝑁U/F = 𝑁U/F|0
+ [
𝜕𝑁U/F

𝜕𝑝𝑋𝑖
]
0

𝑝𝑋𝑖 +
1

2
[
𝜕2𝑁U/F

𝜕𝑝𝑋𝑖
2 ]

0

𝑝𝑋𝑖
2

+ + 
1

6
[
𝜕3𝑁U/F

𝜕𝑝𝑋𝑖
3 ]

0

𝑝𝑋𝑖
3+. . . + [

𝜕2𝑁U/F

𝜕𝑝𝑋𝑖  𝜕𝑡
]
0

𝑝𝑋𝑖  Δ𝑡

+ [
𝜕𝑁U/F

𝜕𝑡
]
0

Δ𝑡 + +
1

2
[
𝜕2𝑁U/F

𝜕𝑡2
]
0

Δ𝑡2 +⋯  . 

(11) 

 

Figure 5. The diagram of the digital transducer for ion concentration 
measurement, built using voltage-to-frequency converters.  

a)  

b)  

Figure 6. Static characteristics of the ion concentration measuring instrument 
are shown as follows: a) when measuring negatively charged ions; b) when 
measuring positively charged ions.  
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The nominal conversion factor, or sensitivity, of the ion 
concentration measurement means is determined by the 
following expression: 

𝑆U/F =
𝜕𝑁U/F

𝜕𝑝𝑋𝑖
=

𝑈max 𝜏 𝑓0 𝛼 (273.15 + 𝑡)

𝑘 𝑛a (𝑈0
′ −

𝛼 (273.15 + 𝑡)
𝑛a

𝑝𝑋𝑖)
2 . (12) 

The changes in sensitivity across the conversion range of the 
input measured value 𝑝𝑋𝑖 are given by the derivative of the 
second-order equation of the measurement model (10): 

𝑆U/F
′ =

𝜕2𝑁U/F

2 𝜕𝑝𝑋𝑖
2 =

𝑈max 𝜏 𝑓0 𝛼
2(273.15 + 𝑡)2

𝑘 𝑛a
2 (𝑈0

′ −
𝛼 (273.15 + 𝑡)

𝑛a
𝑝𝑋𝑖)

3 . (13) 

The second derivative concerning sensitivity in the range of 

transformation of the input measured value 𝑝𝑋𝑖 is determined by the 
following formula: 

𝜕𝑆U/F
′

𝜕𝑝𝑋𝑖
=
𝜕3𝑁U/F

6 𝜕𝑝𝑋𝑖
3 =

𝑈max 𝜏 𝑓0 𝛼
3(273.15 + 𝑡)3

2 𝑘 𝑛a
3 (𝑈0

′ −
𝛼 (273.15 + 𝑡)

𝑛a
𝑝𝑋𝑖)

4 . (14) 

The influence coefficients of the influential quantity 𝑡 on the output 

parameter 𝑁U/F of the measurement model (10) are calculated using 

the following formulas: 

𝛽0𝑡 =
𝜕𝑁U/F

𝜕𝑡
=

𝑈max 𝜏 𝑓0 𝛼

𝑘 𝑛a (𝑈0
′ −

𝛼 (273.15 + 𝑡)
𝑛a

𝑝𝑋𝑖)
2 𝑝𝑋𝑖   (15) 

𝛽0𝑡
′ =

𝜕2𝑁U/F

2 𝜕𝑡2
=

𝑈max 𝜏 𝑓0 𝛼
2

𝑘 𝑛a
2 (𝑈0

′ −
𝛼 (273.15 + 𝑡)

𝑛a
𝑝𝑋𝑖)

3 𝑝𝑋𝑖  . (16) 

The coefficient of the combined influence of the informative 

parameter 𝑝𝑋𝑖 and the influential value 𝑡 (temperature) on the nominal 

sensitivity 𝑆U/F of the measuring conversion is determined by the 

following expression 

𝛼0𝑡 =
𝜕2𝑁U/F

𝜕𝑝𝑋𝑖  𝜕𝑡
=
2 𝑈max 𝑓0 𝜏 𝛼

2(273.15 + 𝑡) 𝑝𝑋𝑖

𝑘 𝑛a
2 (𝑈0

′ −
𝛼 (273.15 + 𝑡)

𝑛a
𝑝𝑋𝑖)

3 + 

+
𝑈max 𝑓0 𝜏 𝛼

𝑘 𝑛a (𝑈0
′ −

𝛼 (273.15 + 𝑡)
𝑛a

𝑝𝑋𝑖)
2 . 

(17) 

The reference transformation function of the measuring model of 
ion concentration is determined from the expansion of the Equation 
(10) into a Taylor series, incorporating the obtained expressions (12) – 
(14), and is given by the following formula 

𝑁U/Fref = 𝑆U/F 𝑝𝑋𝑖 + 𝑆U/F
′  𝑝𝑋𝑖

2 +
𝜕𝑆U/F

′

𝜕𝑝𝑋𝑖
𝑝𝑋𝑖

3 . (18) 

The absolute error of the nonlinearity of the reference 
transformation function (18) can be found using the following 
expression: 

Δ𝑁U/Fref = 𝑆U/F
′  (𝑝𝑋𝑖 − 𝑝𝑋𝑖ref)

2 +
𝜕𝑆U/F

′

𝜕𝑝𝑋𝑖
(𝑝𝑋𝑖 − 𝑝𝑋𝑖ref)

3 , (19) 

where 𝑝𝑋𝑖ref is the reference value of the ion concentration. 
The characteristic of the change in the absolute error of nonlinearity 

(19) of the reference transformation function when the measured value 

of the ion concentration 𝑝𝑋𝑖 deviates from the reference value of the 

ion concentration 𝑝𝑋𝑖ref by 0.1 (pX) is plotted in Figure 7. 
 

Considering the maximum value of the absolute nonlinearity error 

(Figure 7), which is Δ𝑁U/Fref = -5 × 104 binary-decimal units (pulses) 

and the ion concentration measurement range, expressed in binary-

decimal units (pulses) D = 4.5 × 106 - 1.5 × 106 = 3 × 106 (Figure 6, 

a), it was determined the values of the relative nonlinearity of the ion 

concentration measuring mean, which is 𝛿n = |Δ𝑁U/Fref| 𝐷⁄  

= 5 × 104/(3 × 106) = 0.017 within the ion concentration range of 
0.3 pX to 7 pX. 

Given that the static characteristic exhibits nonlinearity across the 

ion concentration measurement range from 0.3 pX to 7 pX (Figure 6), 

the nonlinearity error model (19) allows for the estimation of the 
maximum error and an analysis of its variation. The nonlinearity error 

variation (Figure 7) highlights the ranges where the error is most 

prominent and where it is minimized, as well as the effect of 
temperature on the nonlinearity of the static characteristic. 

Figure 7 illustrates that temperature variations between 5 °C and 

30 °C have a minimal effect on the nonlinearity of the static 
characteristic of the ion activity measurement device. Moreover, 

Figure 7 indicates that within the measurement range of 0.6 pX to 

3 pX, the nonlinearity error is higher but does not exceed 0.017. In 
contrast, within the ranges of 0.3 pX to 0.6 pX and 3 pX to 7 pX, the 
nonlinearity error is approximately 2.5 times smaller. Consequently, 
measurements of ion concentration within these ranges will result in 
higher accuracy. 

The absolute multiplicative error 𝑁m of transformation under the 

conditions of temperature change Δ𝑡 = (𝑡 − 𝑡ref) can be determined 
by the following formula: 

∆𝑁m =

(

 
2 𝑈max 𝑓0 𝜏 𝛼

2(273.15 + 𝑡) 𝑝𝑋𝑖

𝑘 𝑛a
2 (𝑈0

′ −
𝛼 (273.15 + 𝑡)

𝑛a
𝑝𝑋𝑖)

3

+
𝑘−1 𝑛a

−1 𝑈max 𝑓0 𝜏 𝛼

(𝑈0
′ −

𝛼 (273.15 + 𝑡)
𝑛a

𝑝𝑋𝑖)
2

)

 𝑝𝑋𝑖  Δ𝑡 , 

(20) 

where 𝑡ref in Δ𝑡 is the reference temperature value (which was 20 °C). 

The absolute additive error 𝑁a of the transformation under 

conditions of a change in temperature Δ𝑡 = (𝑡 − 𝑡ref) from the 

reference value 𝑡ref can be determined by the expression: 

∆𝑁a =
𝑈max 𝜏 𝑓0 𝛼 𝑝𝑋𝑖

𝑘 𝑛𝑎 (𝑈0
′ −

𝛼(273.15 + 𝑡)
𝑛a

𝑝𝑋𝑖)
2 Δ𝑡

+
𝑈max 𝜏 𝑓0 𝛼

2 𝑝𝑋𝑖

𝑘 𝑛a
2 (𝑈0

′ −
𝛼 (273.15 + 𝑡)

𝑛a
𝑝𝑋𝑖)

3 Δ𝑡
2 . 

(21) 

The characteristics of the changes in the obtained analytical 
dependencies of the multiplicative (20) and additive (21) errors of the 

 

Figure 7. The absolute error of the nonlinearity of the nominal conversion 
function.  



 

ACTA IMEKO | www.imeko.org March 2025 | Volume 14 | Number 1 | 6 

measuring channel for ion concentration are illustrated in Figure 8 and 

Figure 9, respectively. 

The analysis of the multiplicative error, derived from model (20) 

and presented in Figure 8, reveals that temperature fluctuations have 

a considerable influence on the multiplicative error, particularly in the 
lower measurement range for ion concentration. Specifically, in the 
range of 0.3 pX to 0.6 pX, temperature variations significantly affect 

the multiplicative error. Figure 8 demonstrates that when the 

temperature decreases from 10 °C to 5 °C, the absolute multiplicative 
error increases sharply to +10,000 binary decimal units. On the other 
hand, as the temperature increases from 10 °C to 30 °C, the error 
becomes negative and progressively reaches -30,000 binary decimal 
units, especially at the lower ion concentrations (0.3 pX). 

This shows that temperature changes can cause substantial 
variations in the multiplicative error of ion concentration 
measurements. 

As illustrated in Figure 8 and Figure 9, the absolute multiplicative 

and additive errors of ion concentration exhibit their highest values 
when measuring at the beginning limits of the measurement range 

(0.3 pX) under conditions of temperature deviation Δ𝑡. The range of 
maximum deviation for both multiplicative and additive errors, due to 

changes in the influencing quantity t, is 3 × 104 pulses (Figure 8 and 

Figure 9). Given that the maximum output code is 4.5 × 106 pulses 

(Figure 6), this deviation corresponds to 0.67 % across the ion 

concentration range from 0.3 pX to 7 pX. In absolute terms, these 

errors equate to 0.047 pX each (Δ𝑁m = 0.047 pX and 

Δ𝑁a = 0.047 pX). 
The examination of the additive error, based on the mathematical 

model (21) and depicted in Figure 9, reveals a notable influence of 

temperature on the error, especially within the lower measurement 

range of 0.3 pX to 0.6 pX. Specifically, a decrease in temperature from 
10 °C to 5 °C results in a more negative additive error, reaching -10,000 
binary decimal units. Conversely, an increase in temperature from 
10 °C to 30 °C causes the additive error to become positive, rising to 
+30,000 binary decimal units. Despite these variations, the relative 
error remains within a 0.67 % margin. These effects are most 
prominent when measuring ion concentration at the start of the 
measurement range (0.3 pX). To reduce these additive and 
multiplicative errors in the lower range, it is essential to carefully 
measure the temperature of the sample. In practical applications, as 

demonstrated in Figure 5, the device was used at a temperature of 

18 °C. To ensure precise measurements, it is recommended to avoid 
using the device in the lower measurement range, where sensitivity is 
more pronounced. Additionally, the research found that for negatively 
charged ions, the additive and multiplicative error behaviours follow 

the trends shown in Figure 8 and Figure 9, whereas for positively 

charged ions, these errors exhibit opposite signs. 
To present the accuracy characteristics according to international 

standards for assessing measurement quality, it's crucial to have a 
methodology for converting the additive and multiplicative errors of 
measuring instruments into the instrumental component of type B 
uncertainty. This approach is proposed in the following 4th section of 
this article. It allows the results of error studies to be presented 
following international recommendations for expressing measurement 
uncertainties and ensures an accurate evaluation of the effectiveness of 
measurement results [30]-[34]. 

4. RESULTS AND MEASUREMENT UNCERTAINTY 

4.1. Technique for converting errors into uncertainty 

When applying the previously proposed methods to develop 
metrological models for additive and multiplicative errors, the 
challenge of converting these error components into 
measurement uncertainty in line with international standards 
arises [35]-[37]. To transform the additive and multiplicative 
errors of instruments into measurement uncertainty values, the 
following algorithm is suggested. 

By applying the model equation (10) of the conversion of the 
measurement instrument to the Taylor series (11), we can derive 
the multiplicative (20) and additive (21) components of error in 
the measurement means. These components can generally be 
represented by the following expressions: 

Δ𝑁m = 𝛼0𝑡(𝑝𝑋 − 𝑝𝑋ref)(𝜂 − 𝜂ref) (22) 

Δ𝑁a = 𝛽0𝑡(𝜂 − 𝜂ref) + 𝛽0𝑡
′ (𝜂 − 𝜂ref)

2 , (23) 

where N is the output value of the measurement instruments; 𝑝𝑋 is the 

measured input value; 𝑝𝑋ref is the reference value of the input value 
(the value that under normal conditions meets the requirements for 

calibration of the measurement instruments); 𝜂 is the impact value; and 

𝜂ref  is the reference value of the impact value [38]. 
If the nature of the error distribution law within specified limits is 

not known, international guidelines for estimating measurement 
uncertainty suggest assuming a uniform probability distribution for the 
error within an acceptable range. However, if the error distribution law 
is known within the boundaries of the quantities being studied, the 
uncertainty can be calculated based on the type of distribution law 
using established formulas as detailed in [34]-[39]. 

When there is no information available about the distribution laws 
of physical quantities, measurement uncertainty can be preliminarily 
estimated using the following formulas: 

𝑢(Δ𝑝𝑋) =
Δ𝑝𝑋

√3
;    𝑢(Δ𝜂) =

Δ𝜂

√3
 , (24) 

where Δ𝑝𝑋 = 𝑝𝑋 − 𝑝𝑋ref is the deviation of the measured value 𝑝𝑋 

from the reference value 𝑝𝑋ref; Δ𝜂 = 𝜂 − 𝜂ref is the deviation of the 

 

Figure 8. The absolute multiplicative error of ion concentration conversion 
under conditions of temperature change.  

 

Figure 9. The absolute additive error of ion concentration conversion under 
conditions of temperature change.  
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value of the influencing quantity 𝜂 (for example, temperature t) from 

its reference value 𝜂ref.  
To estimate the combined Type B uncertainty using the values of 

additive and multiplicative errors, the following expression has been 
derived: 

𝑢𝐵
2 = 𝛽0𝑡

2 𝑢2(Δ𝜂) + (2 𝛽0𝑡
′  Δ𝜂)2 𝑢2(Δ𝜂)

+ (𝛼0𝑡  Δ𝜂)
2 𝑢2(Δ𝑝𝑋) + (𝛼0𝑡  Δ𝑝𝑋)

2 𝑢2(Δ𝜂)

=
𝛽0𝑡

2

3
Δ𝜂2 +

(2 𝛽0𝑡
′  Δ𝜂)2

3
Δ𝜂2 +

(𝛼0𝑡  Δ𝜂)
2

3
Δ𝑝𝑋2

+
(𝛼0𝑡  Δ𝑝𝑋)

2

3
Δ𝜂2 . 

(25) 

This expression (25) is based on the rules for evaluating standard 
uncertainty through functional relationships outlined in [40], [41]. 

Thus, the methodology for converting the multiplicative and 
additive error components in measurement instruments involves 
determining the measured and influencing values based on the a priori 
information regarding type B uncertainties and calculating the 
instrumental variance component by Equation (25). 

Considering the obtained numerical values of the Influence 

coefficients 𝛽0𝑡 = 2 × 10
4 K−1 (15), 𝛽0𝑡

′ = 70 K−2 (16), and the 
coefficient of compatible influence of the informative parameter  

𝛼0𝑡 = 7 × 10
4 K−1 (17) in the Maple 13 software, along with the 

uncertainty values that arise when the temperature deviates by 

Δ𝜂 =1 K and the ion concentration by Δ𝑝𝑋 = 0.1 pX, we calculate 
the standard uncertainty using formula (25). Substituting the numerical 

values into (25), we obtain the uncertainty 𝑢B = 12884 binary-
decimal pulses. By recalculating the obtained uncertainty in binary 
decimal pulses into the absolute value of the measured parameter pX 

(𝑢B = 7 pX × 12884/(4.5 × 106) = 0.02 pX), we obtain the 

maximum value of the uncertainty of type B, which is 𝑢B =0.02 pX in 
the ion concentration range of 0.3 pX to 7 pX, which is caused by the 
existence of additive and multiplicative errors when the temperature 
deviates by 1 K and the ion concentration by 0.1 pX from their 
reference values.  

If the temperature deviates by Δ𝜂 =10 K from its reference 
(standardized) value (20 °C), then the uncertainty of ion concentration 
measurements caused by the existence of additive and multiplicative 

errors will be determined by formula (25) and will amount to 𝑢B =
 128844 binary-decimal pulses. The maximum value of the uncertainty 
of ion concentration measurements when recalculated to the measured 

value will be 𝑢B(𝑝𝑋) = 7 pX × 128844/(4.5 × 106) = 0.2 pX. 
As calculations of the uncertainty of ion concentration 

measurements caused by the existence of additive and multiplicative 
errors show, the deviation of temperature from its reference value has 
a significant impact on the accuracy of the measurement results. 
Therefore, temperature value control is an important component of 
the ion concentration measurement procedure. Also, because of our 
study, we have demonstrated that type B uncertainty can be calculated 

based on the influence coefficients 𝛽0, 𝛽0
′  and the combined influence 

of 𝛼0𝑡 . These coefficients are used to determine multiplicative and 
additive errors and are derived by expansions of the transformation 
equation (measurement model) using the Taylor series. Knowing the 
values of these coefficients and the values of deviations from reference 
values of the influencing parameters, it is possible to determine what 
contribution their deviations make to the measurement uncertainty. 

4.2. Results of the experiments performed 

As a result of repeated experimental studies conducted to determine 
the ion concentration of humus components in solution using suitable 
ion-selective electrodes and a custom-developed measuring 
instrument, the following average ion concentration values were 
obtained, along with their associated type A measurement uncertainties 
[6], [41]: 

- the average fluoride ion concentration was 𝑝𝑋̅̅̅̅  = 3.013 pF with a 

measurement uncertainty of type A of 𝑢A(𝑝𝑋̅̅̅̅ ) = 0.003 pF; 

- the average potassium ion concentration was 𝑝𝑋̅̅̅̅  = 1.905 pK with a 

measurement uncertainty of type A of 𝑢A(𝑝𝑋̅̅̅̅ ) = 0.0026 pK; 

- the average ammonium nitrogen ion concentration was 𝑝𝑋̅̅̅̅  = 

5.345 pNH4 with a measurement uncertainty of type A of 𝑢A(𝑝𝑋̅̅̅̅ ) = 
0.0027 pNH4;  

- the average nitrate nitrogen ion concentration was 𝑝𝑋̅̅̅̅  = 3.15 pNO3 

with a measurement uncertainty of type A of 𝑢A(𝑝𝑋̅̅̅̅ ) = 0.0028 pNO3; 

- the average phosphate ion concentration was 𝑝𝑋̅̅̅̅  = 5.65 pРO3 with a 

measurement uncertainty of type A of 𝑢A(𝑝𝑋̅̅̅̅ ) = 0.0039 pРO3.  
In this case, the experimental uncertainty of repeated measurements 

of type A was calculated using the formula: 

𝑢𝐴
2(𝑝𝑋̅̅̅̅ ) =

∑ (𝑝𝑋𝑖 − 𝑝𝑋̅̅̅̅ )
𝑚
𝑖=1

(𝑚 − 1)𝑚
 , (26) 

where m is the number of measurement results [35], [42]-[50]. 
Considering the obtained values of experimental measurement 

uncertainties of type A (26), the type B uncertainty (25) caused by 
additive and multiplicative errors in the ion concentration measuring 
instrument, as well as the uncertainty due to nonlinearity error in the 
instrument (19), the value of the relative combined uncertainty in ion 
concentration measurement was calculated using the following 
formula: 

𝑢̃𝐶
2 = (

𝑢A(𝑝𝑋̅̅̅̅ )

|𝑝𝑋̅̅ ̅̅ |
)

2

+ (
𝑢B
|𝑝𝑋̅̅ ̅̅ |

)
2

+ 𝛿𝑛
2 . (27) 

Since, when performing the experiments, the deviation of the 
temperature of the object under study from the reference temperature 

value (20 °C) was Δ𝜂 = 2 K, and the permissible deviation of the ion 

concentration from the reference values was taken to be Δ𝑝𝑋 =0.1 pX, 
then the uncertainty of type B caused by the existence of additive and 

multiplicative errors calculated using formula (25) was 𝑢𝐵 = 25769 
binary-decimal pulses. When converted to units of the measured 

quantity, the maximum value of type B uncertainty was  𝑢𝐵 =
7 pX × 25769 (4.5 × 106)⁄ = 0.04 pX. 

If we multiply the calculated values of the relative combined 
measurement uncertainty of ion concentration by 100 %, we can 
express the relative combined uncertainty as a percentage. By 
substituting the numerical values of the measurement uncertainties and 
the average value of ion concentrations into formula (27), we obtained 
the following values for the relative combined measurement 
uncertainty: 
- for the concentration of fluoride ions 

𝑢̃C(𝑝𝐹) = √(
0.003

3.013
)
2

++(
0.04

3.013
)
2

+ 0.0172 ∙ 100 % = 2.16 %; 

- for the concentration of potassium ions  

𝑢̃C(𝑝𝐾) = √(
0.0026

1.905
)
2

+(
0.04

1.905
)
2

+ 0.0172 ∙ 100 % = 2.71 %; 

- for the concentration of ammonium nitrogen ions  

𝑢̃C(𝑝𝑁𝐻4) = √(
0.0027

5.345
)
2

+(
0.04

5.345
)
2

+ 0.0172 ∙ 100 % = 1.86 %; 

- for the concentration of nitrate nitrogen ions  

𝑢̃C(𝑝𝑁𝑂3) = √(
0.0028

3.15
)
2

+(
0.04

3.15
)
2

+ 0.0172 ∙ 100 % = 2.12 %; 

- for the concentration of phosphate ions  

𝑢̃C(𝑝𝑃𝑂3) = √(
0.0039

5.65
)
2

+(
0.04

5.65
)
2

+ 0.0172 ∙ 100 % = 1.84 %. 

Based on the combined measurement uncertainty of ion 
concentrations, the expanded uncertainty values for each constituent 
element were calculated using the formula: 

𝑈 = ± 𝑘p 𝑢̃C 𝑝𝑋̅̅ ̅̅  , (28) 

where 𝑘p is the coverage coefficient for a normal distribution with 

probability 𝑝 (for probability 𝑝 = 95 % takes the value 𝑘p = 1.96); 
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𝑢̃C 𝑝𝑋̅̅ ̅̅ =𝑢C is the absolute value of the combined uncertainty 𝑢C, 

expressed through the relative combined uncertainty 𝑢̃C and the 

estimated value of the measured quantity 𝑝𝑋̅̅̅̅  (𝑢̃C = 𝑢𝐶 𝑝𝑋̅̅̅̅⁄ ) [34], [40], 
[43]-[50]. 

By substituting the estimated values of the constituent elements and 
their relative combined uncertainties into formula (28), the following 
values of expanded measurement uncertainties were obtained for a 

confidence level of 𝑝 = 95 %: 

𝑈pF = ± 1.96 ∙ 0.0216 ∙ 3.013 = ± 0.128 pF, 

 

𝑈pK = ± 1.96 ∙ 0.0271 ∙ 1.905 = ± 0.101 pK, 

 

𝑈pNH4 = ± 1.96 ∙ 0.0186 ∙ 5.345 = ± 0.195 pNH4, 

 

𝑈p𝑁𝑂3 = ± 1.96 ∙ 0.0212 ∙ 3.15 = ± 0.131 pNO3, 

 

𝑈p𝑃O3 = ± 1.96 ∙ 0.0184 ∙ 5.65 = ± 0.204 pPO3. 

 
Thus, the ion concentration measurement results can be expressed 

as follows: 

𝑝𝐹̅̅̅̅ = 3.013 ± 0.128 pF at 𝑝 = 95 %,  
 

𝑝𝐾̅̅ ̅̅ = 1.905 ± 0.101 pK  at 𝑝 = 95 %, 
 

𝑝𝑁𝐻4̅̅ ̅̅ ̅̅ ̅̅ = 5.345 ± 0.195 pNH4 at 𝑝 = 95 %, 
 

𝑝𝑁𝑂3̅̅ ̅̅ ̅̅ ̅ = 3.15 ± 0.131 pNO3 at 𝑝 = 95 %, 
 

𝑝𝑃𝑂3̅̅ ̅̅ ̅̅ ̅ = 5.65 ± 0.204 pPO3  at 𝑝 = 95 %. 
 
The maximum expanded measurement uncertainty was ± 0.204 pX 

when measuring the concentration of phosphate ions 

(5.65 ± 0.204) pPO3, while the minimum expanded measurement 
uncertainty was ± 0.101 pX when measuring the concentration of 
potassium ions (1.905 ± 0.101) pK. 

This demonstrates the feasibility of employing a model equation to 
determine the additive and multiplicative components of errors and 
incorporating these error components into the assessment of 
combined measurement uncertainty. The technique of recalculating 
additive and multiplicative errors into measurement uncertainty has 
been tested using the example of ion concentration measurements 
using a model equation of an ion concentration measuring instrument.  

5. CONCLUSIONS 

The paper presents metrological models that enable the 
analysis of the primary static characteristics of measurement 
instruments. These models are derived by expanding the 
transformation function of the measuring device into the Taylor 
series.  The findings were validated using a measurement model 
that illustrates the conversion process from the input value (ion 
concentration) to the output binary-decimal code for a 
developed instrument designed to measure the concentrations 
of ion constituents in humus in soil using ion-selective 
electrodes. The technique was developed to account for additive 
and multiplicative error characteristics, enabling their 
conversion into a type B uncertainty component. This approach 
allows the research results to align with international standards, 
specifically ISO/IEC 17025, regarding the presentation of 
measurement accuracy. The proposed mathematical model for 
calculating type B measurement uncertainty utilizes influence 

coefficients (𝛽0𝑡, 𝛽′0𝑡, and 𝛼0𝑡) that are instrumental in assessing 
the additive and multiplicative errors of the measuring device 
and are derived from the Taylor series terms. Consequently, 
applying this mathematical model yielded a type B measurement 

uncertainty value of 𝑢𝐵 = 0.04 pX within the measurement 
range of 0.3 pX to 7 pX. 

The results of the study on the expanded measurement 
uncertainty of ion concentrations in humus soil show that the 
values vary depending on the ion concentration range, ranging 
from ±0.101 pX when measuring at the lower concentration 
range of potassium ions 1.905 pX to ± 0.204 pX when 
measuring at the upper concentration range of phosphate ions 
5.65 pX. These values consider uncertainties caused by additive 
and multiplicative errors, as well as nonlinearity errors. 
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