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1. INTRODUCTION 

Voltage regulation is essential for ensuring the reliable and 
efficient operation of power systems. It involves maintaining 
voltage levels within specified limits despite changes in load 
conditions. Traditional voltage regulation techniques, which 

include primary and secondary control mechanisms, have 
been effective in maintaining voltage stability. Primary voltage 
regulation provides an immediate response to local disturbances, 
while secondary voltage regulation (SVR) aims to restore the 
voltage to its nominal value over a longer period, ensuring 
system-wide stability. 

The modern power grid is increasingly complex, 
incorporating renewable energy sources and distributed 
generation. These advancements have introduced new challenges 
in maintaining voltage stability. Renewable energy sources like 

wind and solar power are intermittent and unpredictable, causing 
rapid fluctuations in power generation. Additionally, high-
demand loads such as electric vehicles can lead to fast load 
variations. These challenges necessitate advanced control 
strategies that can quickly and effectively manage voltage stability 
in the face of these fluctuations. 

Optimal linear quadratic control logic is a feedback control 
strategy that minimizes a cost function representing the deviation 
of system variables from their desired values. It is well-suited for 
voltage regulation due to its ability to balance performance and 
robustness. The linear quadratic regulator (LQR) is a common 
implementation, which optimally adjusts control actions based 
on the current system state, providing a dynamic response to fast 
load variations. 

ABSTRACT 
Voltage regulation ensures the reliable and efficient operation of power systems by maintaining voltage levels within specified limits 
despite changing load conditions. Modern grids integrating renewable energy sources face new challenges. These sources, such as wind 
and solar power, cause rapid power fluctuations. Furthermore, high-demand loads like electric vehicles could also result in very fast 
power variations. This paper explores an advanced control strategy related to the integration of Flexible AC Transmission Systems 
(FACTS) devices within an improved Secondary Voltage Regulation (SVR) based on an optimal linear quadratic control. The control 
strategy can compensate the effects of fast load variations, by exploiting the information provided by the Phasor Measurement Units 
(PMUs). The PMUs are, however, affected by non-idealities, which can reduce the compensation's efficiency. In the paper, the 
performance of the regulation strategy is assessed according to the two main PMU's characteristics: the report rate and the accuracy 
associated with the measurement results. The paper thus provides a walkthrough to properly select the characteristics and, thus, the 
cost of the PMU, according to the desired voltage regulation's performance. 
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Studies such as those by [1] and [2] demonstrate the 
effectiveness of LQR in managing voltage levels under varying 
load conditions. LQR provides a systematic approach to design 
control laws for optimal performance in multivariable systems, 
as highlighted in [3], making it an attractive option for secondary 
voltage regulation. 

Flexible AC Transmission Systems (FACTS) devices, 
including Static Synchronous Compensators (STATCOMs), 
Static VAR Compensators (SVCs), and Unified Power Flow 
Controllers (UPFCs), are crucial for enhancing voltage stability. 
These devices offer rapid and flexible control of power system 
parameters, making them ideal for compensating fast load 
variations. Studies by [4] and [5] emphasize the role of FACTS 
devices in improving voltage profiles and reducing power losses 
in transmission systems. 

The integration of FACTS devices with advanced control 
algorithms further enhances their performance. Model predictive 
control (MPC) and adaptive control techniques have been 
explored in conjunction with FACTS devices to improve voltage 
regulation and system stability. For instance, [6] applied MPC to 
STATCOMs, resulting in better voltage control and system 
resilience. 

Despite the advancements in voltage regulation techniques, 
several limitations and weaknesses persist. One significant 
limitation of the optimal linear quadratic control logic is its 
dependency on accurate system models. The performance of 
LQR relies heavily on the precision of the mathematical model 
representing the power system. Inaccuracies in modelling can 
lead to suboptimal control actions and reduced effectiveness in 
voltage regulation. 

The implementation of FACTS devices, although beneficial, 
involves high costs and complexity. The installation and 
maintenance costs of FACTS devices can be prohibitive, 
especially for smaller or less economically developed power 
systems. Moreover, integrating FACTS devices with existing 
infrastructure requires meticulous planning and coordination to 
avoid compatibility issues and ensure seamless operation. 

Coordination between multiple control strategies and devices 
in large and complex power systems presents another challenge. 
Multiple voltage regulation mechanisms operating 
simultaneously can lead to conflicts and inefficiencies. Effective 
coordination strategies, such as hierarchical control frameworks 
and multi-agent systems, are necessary to harmonize the actions 
of various controllers and devices [7]. 

The main drawbacks which could affect the traditional SVR 
strategies in modern power systems can be overcome if a data-
driven approach involving measurements data coming from 
Phasor Measurement Units (PMUs) are exploited to feed FACTS 
devices for voltage regulation. At this purpose, the regulation 
strategy presented in [8], where the SVR is combined with a 
FACTS device to compensate for the effects of rapid load 
changes on voltage regulation, is taken into account in this paper, 
and it is studied how the report rate of the PMUs influences the 
efficiency of compensation. 

The paper is organized as follows: in Section 2 the control 
strategy of the improved SVR supported by the FACTS for fast 
load changes compensation is briefly recalled; in Section 3 a 
numerical application is shown and the effect of the PMUs on 
the compensation strategy is examined; concluding remarks are 
given in Section 4. 

2. SECONDARY VOLTAGE REGULATION SUPPORTED BY 
LOAD CHANGES COMPENSATION 

In Figure 1, the basic scheme of the SVR integrated by the 
functionalities of the FACTS is shown. It can be noticed that the 
SVR controls the automatic voltage regulators as usual and, in 
addition, controls the FACTS devices thanks to the support of 
the PMUs, which are able to catch in real time the fast load 
variations. In particular, the scheme of the SVR is reported in 
Figure 2. 

The SVR of Figure 2 includes the regulator based on the 
linear quadratic integral (LQI) control proposed in [9] and the 

contribution of the FACTS which injects reactive power, Δ𝑞f, at 
the pilot bus to compensate the fast load variations. The 
proposed approach is based on the consideration that the active 
and reactive powers of the loads can be described in terms of 
dynamic stochastic Ornstein-Uhlenbeck (OU) processes. Their 
parameters are estimated based on the measurement available 
through the PMUs. This allows us to represent the improved 
SVR as an augmented state space model [8]: 

[
𝐱̇

𝐱̇𝐇
] = [

𝐀′ 𝟎
𝟎 𝐀𝐇

] [
𝐱

𝝁 − 𝐱𝐇
] + [

𝐁
𝟎

] 𝐮 + [
𝟎

𝐁𝐇
] d𝐰 (1) 

where 𝐱 is the state variable vector, including the voltage 
variation at the generator buses, and the state variable related to 
the integral action: 

𝑥𝑖 = ∫  
+∞

0

  (Δ𝑣p,r − Δ𝑣p) d𝑡 , (2) 

which refer to the deviation between pilot voltage variation, Δ𝑣𝑝 , 

and its reference, Δ𝑣𝑝,𝑟. In (1), 𝐮 is the vector of variation of the 

reference stator voltages of the generators, 𝐀′ is given by: 

𝐀′ = [
𝐀 𝟎

−𝐂𝐯 𝟎
] , (3) 

 

Figure 1. SVR supported by FACTS devices 

 

Figure 2. Improved SVR with load variation compensation. 
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where the diagonal matrices 𝐀 and 𝐁 are made by the generators' 

time constants of the primary regulation. Regarding 𝐂𝐯, it is given 

by 𝐂𝐂𝐫, being 𝐂 a matrix able to identify only the elements 

corresponding to the pilot bus (i.e., all terms of 𝐂 are zero except 

those with indices including the number of the pilot bus) and 𝐂𝐫 
obtained through a proper partitioning of the network Jacobian 
matrix: 

Δ𝑞g = 𝐀𝐫 Δ𝐯𝐠 + 𝐁𝐫 Δ𝐪𝐥 (4) 

where Δ𝑞g and Δ𝑞1 are the reactive power variations at the 

generator and load buses, respectively, as well as Δ𝐯𝐠 and Δ𝐯𝐥 are 

the voltage variations at the generator and load buses, 
respectively. In [9], the reference values of the generator voltage, 

Δ𝐯𝐠,𝐫, are then evaluated according to the feedback law: 

𝐮 = −[𝐊 𝐊𝐢]𝐱 (5) 

In order to consider the fast variations of the active, 𝐩, and 

reactive, 𝐪, powers at the load buses, the augmented state 

variable vector, 𝐱𝐇, is introduced in (1) to account for the OU 
multivariate process: 

𝐩̇ = 𝝑𝑝(𝝁𝒑 − Δ𝐩) + 𝝈Δ𝐩
 d𝐰𝐩 

𝐪̇ = 𝝑𝒒(𝝁𝒒 − Δ𝐪) + 𝝈Δ𝐪 d𝐰𝐪 
(6) 

where 𝝁𝒑 and 𝝁𝒒 are their mean values, 𝒘𝒑 and 𝒘𝒑 the 

corresponding Wiener processes. Based on (6), 𝐱𝐇 is then given 
by: 

𝐱̇𝐇 = 𝐀𝐇(𝝁 − 𝐱𝐇) + 𝐁𝐇 d𝐰 (7) 

with 

𝐱𝐇 = [
𝐩
𝐪] (8) 

d𝐰 = [
d𝐰𝐩

d𝐰𝐪
] (9) 

𝐀𝐇 = [
𝝑𝒑 𝟎

𝟎 𝝑𝒒
] (10) 

𝐁𝐇 = [
𝝈𝚫𝒑 𝟎

𝟎 𝝈Δ𝒒
] (11) 

𝝁 = [
𝝁𝐩

𝝁𝐪
]  . (12) 

The augmented state space model (1) allows considering for 
a proper power to be injected into the network, within the SVR 
control action, aimed at compensating for the fast load 
variations. The estimated power can be injected in load buses by 
FACTS devices. Focusing on the reactive power, in Figure 2 the 

power supplied by the FACTS to the network is 𝚫𝒒𝐟. Assuming 
just one device connected to the pilot bus, according to (4), the 

injected reactive power 𝚫𝒒𝐟 contributes to the SVR through the 

matrix term 𝐂𝐃𝐫. Regarding the value of power to be injected, 

𝚫𝒒𝐟, it is based on the estimation of the load variations, which 
has been assumed varying according to the OU multivariate 
process. This process is driven by the following stochastic 
differential equation [10]: 

d𝐱𝐇 = −𝐀𝐇(𝐱𝐇 − 𝝁) d𝑡 + 𝐁𝐇 d𝐰 (13) 

which can be integrated as: 

𝐱𝐇𝐭+Δ𝐭
= (𝐈 + 𝑒−𝝑Δ𝑡)𝝁 + 𝑒−𝜗Δ𝑡𝐱𝐇𝐭+

+ ∫
𝑡

𝑡+Δ𝑡
 𝑒𝝑(𝑢−Δ𝑡) 𝐁𝐇 d𝐰𝑢 

(14) 

where d𝐰u is the vector of independent normally distributed 

random variables with covariance 𝐈 d𝑡. Eq. (14) can be written in 
a more compact form by using the exponential matrix of the 
mean regression rates as: 

𝚲 = 𝑒𝝀 Δ𝑡 (15) 

along with the covariance matrix Σ. The compact form of (14) 
can then be written as: 

𝐱𝐇𝑡+Δ𝑡
= (𝐈 − 𝚲) 𝝁 + 𝚲 𝐱𝐇𝐭

+ √𝚺 𝐰𝐭. (16) 

In the cases of our interest, the estimation of the OU 
parameters is performed based on a set of sample data which 
corresponds to the power measurements provided by the PMUs. 
In other words, the observations of the process are given by the 
data available from the PMUs located at the load buses. Thus, 

with reference to a set of N samples of data, the estimation of 𝝁 
is derived as: 

𝝁̂ =
1

𝑁
∑  

𝑁

𝑛=1

  𝐱𝐇n
 (17) 

with 𝐱𝐇𝐧
 representing the nth sample. Regarding the process 

𝐱𝐇 − 𝝁, it is a zero-mean process characterized by the 
exponential matrix Λ and covariance matrix Σ. Their estimates 

are evaluated on the basis of the matrices 𝐓1, 𝐓2, and 𝐓3 which 
are sufficient statistics for Λ and Σ [10]: 

𝚲̂ = 𝐓𝟐 𝐓𝟑
−𝟏 (18) 

𝚺̂ =
1

𝑁
(𝐓𝟏 − 𝐓𝟐 𝐓𝟑

−𝟏 𝐓𝟐
𝐓) (19) 

where, by assuming 𝐗 = 𝐱𝐇 − 𝝁, matrices 𝐓𝑖 , with i = 1, 2, 3 are 
given by: 

𝐓𝟏  = ∑  

𝑁−1

𝑛=1

 𝐗𝑛+1 𝐗𝑛+1
𝑇  (20) 

𝐓𝟐  = ∑  

𝑁−1

𝑛=1

 𝐗𝑛+1 𝐗𝑛
𝑇  (21) 

𝐓𝟑  = ∑  

𝑁−1

𝑛=1

 𝐗𝑛 𝐗𝑛
𝑇  . (22) 

Once the estimations 𝝁̂, 𝚲̂, and 𝚺̂ have been evaluated, the 

reactive power that FACTS has to supply, 𝚫𝒒𝐟, is then derived 

as that able to compensate the estimated load variation 𝐱̂𝐇 − 𝝁̂, 
that is: 

Δ𝒒𝐟 = −(𝐱̂𝐇 − 𝝁̂) . (23) 

The injection of 𝚫𝒒𝐟 allows reducing the voltage variation 
around the current operation point. Moreover, it allows 
improving the control action of the SVR, since through the 

estimation 𝝁̂, the operation point used for the linearization can 
be found in a more accurate way. 
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3. NUMERICAL APPLICATIONS 

3.1. Case study 

The proposed SVR strategy including the fast load 
compensation is applied to the to the WSCC 9-bus test network 
reported in Figure 3 at 230 kV, 60 Hz [11]. Line parameters of 
the test network are reported in Table 1 (100 MVA base power). 
Three synchronous generators are considered: 

1) bus #1: 247.5 MVA rated power connected to the 
network (bus #4) through a transformer having 

𝑣𝑐𝑐=5.76 %; 
2) bus #2: 192 MVA rated power connected to the network 

(bus #7) through a transformer having 𝑣cc=6.25 %; 
3) bus #3: 128 MVA rated power connected to the network 

(bus #7) through a transformer having 𝑣cc=5.86 %. 
Three loads are connected to the network: 
1) bus #5: 125 MW and 50 MVAR; 
2) bus #6: 90 MW and 30 MVAR; 
3) bus #8: 100 MW and 35 MVAR. 
The FACTS device is supposed to be connected to the pilot 

bus (bus #4). 
The stochastic modelling of the three loads is defined 

according to the assumed values of the following the matrices: 

𝐀𝐇 = [
−0.03 0 0

0 −0.03 0
0 0 −0.03

] (24) 

𝐁𝐇 = [
5 ⋅ 10−6 6 ⋅ 10−7 7 ⋅ 10−7

6 ⋅ 10−7 1.8 ⋅ 10−6 4.2 ⋅ 10−7

7 ⋅ 10−7 4.2 ⋅ 10−7 2.45 ⋅ 10−6

] . (25) 

Regarding the estimations, which are not reported here for 
the sake of conciseness, the maximum errors are equal to 

4 ⋅  10−3 for the elements of 𝐀𝐇 and 8.1⋅ 10−7 for the elements 

of 𝐁𝐇 

3.2. Analysis of the effect of PMU specifications on regulation 
efficacy 

Several tests are being conducted on the simulated network in 
order to assess the efficacy of secondary voltage regulation with 
respect to the non-idealities of the measurement instruments 
involved in the secondary regulation. 

The simulated scenario takes into account fast variations of 
reactive power; the variations regard the load buses and the 
corresponding stochastic OU process are described by the 

aforementioned matrices 𝐀𝐇 and 𝐁𝐇. As for the control strategy 
of the generator, the approach described in [9] has been 
implemented and applied; the reactive power compensation is 
then carried out by the FACTS connected on the bus #4 thanks 
to a suitable power injection. The corresponding value is real-

time defined and controlled, according to the estimated matrices 

𝐀𝐇 and 𝐁𝐇. 
Compensation for load changes is performed by exploiting 

the measures of active and reactive power provided by the PMU 
[12]. Thus, assessing the efficiency of the load compensation 
according to the PMU metrological characteristics is mandatory 
[13]-[15]. 

In particular, authors have taken into account the two main 
characteristics of a PMU: the report rate and the uncertainty. As 
regards the report rate, it can be expected that the higher the 
PMU report rate, the better the regulation efficacy in 
compensating fast load variations. However, it should be 
advisable to not jam the communication lines with an excessive 
number of messages exchanged among the PMUs and the 
control centre where the equations are running. So the right 
trade-off between the conflicting demands has to be found. The 
following values of report time have been considered: 20 ms, 
100 ms, 200 ms, 300 ms, and 400 ms. They have been chosen, 
because 20 ms and 100 ms are corresponding to the typical report 
rate of PMUs monitoring the Italian transmission system and the 
European transmission system, i.e. 50 fps and 100 fps 
respectively [16], [17]. Authors have, however, taken into 
account higher report times, in order to assess the regulation 
efficiency also when the amount of transmitted data is reduced. 

The obtained results are shown in Figure 4, where the relevant 
capability of the proposed regulation can be appreciated. It can 
be also noticed that the PMU's report rate significantly affects 
the voltage regulation: the lower the report rate, the higher the 
oscillations of the pilot bus voltage. The insight on the regulated 
pilot bus voltage in Figure 5 allows to further appreciate the 
improved performance associated with higher report rates. 

 

Figure 3. Scheme of the test network. 

Table 1. Line parameters. 

From 
bus # 

To 
bus # 

Resistance  
in p.u. 

Reactance  
in p.u. 

Susceptance  
in p.u. 

4 5 0.0100 0.085 0.176 

4 6 0.0170 0.092 0.158 

5 7 0.0320 0.161 0.306 

6 9 0.0390 0.170 0.358 

7 8 0.0085 0.072 0.149 

8 9 0.0119 0.101 0.209 

 

Figure 4. Time evolution of pilot bus voltage according to different PMU's 
report rate. 
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In order to quantify the efficiency of the fast load change 
compensation, the mean value, the peak-to-peak value and the 
RMS value of the pilot bus voltage have been evaluated in the 
time interval from 2000 s to 6000 s. The results are reported in 
Table 2. 

The mean value in the table represents the reference value 
that is reached by the pilot bus voltage for compensation. The 
report rate of the PMU does not influence this value, as it has 
been assumed that the load varies randomly. As expected, the 
report rate modifies the oscillations affecting the bus voltage. In 
particular, the peak-to-peak value arises from 0.0009 p.u. up to 
0.0033 p.u. as the report time increases from 20 ms to 400 ms. 

As regards the uncertainty associated with the power 
measurements, i.e. the type B uncertainty ub it has been modelled 
as a gain error, that affects the measures, leading to a deviation 
from the reference value, proportional to the power readings. It 
is worth noticing that the regulation system would compensate 
for eventual PMU's offset errors affecting the power measures; 
so, this type of uncertainty has not been taken into account. The 
following values have been simulated for the gain error: 1 %, 
2 %, 5 %, 10 %; the report time has been set according to the 
best scenario, i.e. 20 ms. 

The obtained time evolution of the pilot bus voltage is shown 
in Figure 6. From the figure, the effect of the uncertainty of 
power measurements can be appreciated. The pilot bus voltage 
is estimated according to the deviation between the measured 
and the model-predicted powers. So, even if the deviation is 
caused by the measurement uncertainty, it is interpreted by the 
model as a load change. The SVR, therefore, modifies the 
reference bus voltage, trying to compensate for this deviation. 
The result is the presence of rapid variations in the pilot bus 
voltage, the amplitude of which is directly dependent on the 
maximum uncertainty of the PMU. 

To better appreciate the effect of uncertainty, Table 3 shows 
the parameters of the pilot bus voltage, for the considered 
uncertainty values. 

The table gives useful information about the effect of the 
adopted measurement instruments. If the maximum uncertainty 
is lower than 2 %, the oscillations affecting the pilot bus voltage 
exhibit negligible peak-to-peak amplitude. The oscillation 
amplitude rapidly increases as the uncertainty exceeds 5 %. 

The PMUs compliant with the Standard are characterized by 
uncertainty below 1 % [18]. However, in order to reduce costs, 
not all loads are monitored by a PMU. The authors have 
considered a scenario where, in order to improve the 
observability of the system, measurement systems exhibiting 
worse performance could also be installed at some nodes in the 
network. The conducted study provides insight into the 
performance of the adopted regulation system, even with low-
cost instrumentation, which is characterized by higher 
uncertainties. 

4. CONCLUSIONS 

Voltage regulation is essential for ensuring the reliable and 
efficient operation of power systems, especially in the context of 
increasing complexity in modern grids that integrate renewable 
energy sources and distributed generation. This study has 
demonstrated that the integration of FACTS devices with 
advanced control strategies, such as optimal linear quadratic 
control logic, can significantly enhance the SVR. However, the 
effectiveness of these solutions heavily depends on the accuracy 
of system models and involves high costs, making them less 
accessible for less economically developed power systems. 
Numerical simulations have highlighted how the combination of 
SVR with a FACTS device, supported by Phasor Measurement 

 

Figure 5. Zoomed pilot bus voltage according to different PMU's report rate. 

Table 2. Characteristics of pilot bus voltage, according to the PMU report 
time. 

Report time 
in ms 

Mean 
in p.u. 

Peak to peak 
in p.u. 

RMS 
in p.u. 

no compensation 0.0300 0.0139 0.0017 

400 0.0300 0.0033 4.4 · 10-4 

300 0.0300 0.0029 3.8 · 10-4 

200 0.0300 0.0025 3.1 · 10-4 

100 0.0300 0.0017 2.2 · 10-4 

20 0.0300 0.0009 9.8 · 10-5 

 

Figure 6. Pilot bus voltage according to different PMU's uncertainty. 

Table 3. Characteristics of pilot bus voltage, according to the PMU's 
uncertainty. 

Uncertainty  
in % 

Mean  
in p.u. 

Peak to peak  
in p.u. 

RMS  
in p.u. 

10 0.0300 0.0018 0.22 · 10-3 

5 0.0300 0.0012 0.14 · 10-3 

2 0.0300 0.00092 0.11 · 10-3 

1 0.0300 0.00091 0.10 · 10-3 

0 0.0300 0.00090 0.098 · 10-3 
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Units (PMUs), can effectively compensate for rapid load 
variations. Specifically, it has been shown that higher PMU 
reporting rates improve regulation capacity, reducing residual 
voltage oscillations at the pilot bus; increasing the sample period 
from 20 ms to 400 ms makes both peak-to-peak and RMS values 
of the residual voltage oscillation increase of one order of 
magnitude. Nonetheless, it is necessary to balance the PMU 
reporting frequency with the communication lines' capacity to 
avoid overloads. Moreover, the impact of the uncertainty 
affecting the devices mandated to measure the input quantities 
from the monitored loads. As it can be expected, high 
performance PMUs, characterized by uncertainty lower than 
1 %, do not affect significantly method's performance; however, 
due to their high costs, PMUs cannot be widely deployed 
throughout the networks and loads. So, performance worsening 
associated with cost-effective devices characterized by relative 
percentage uncertainty within the range from 2 % and 10 % have 
been investigated; the worst devices doubled both peak-to-peak 
and RMS values. 
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