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1. INTRODUCTION 

Among the non-destructive investigation techniques, infrared 
thermography is nowadays well-established for the evaluation of 
thermophysical parameters [1] and for performing tests in 
industrial [2], [3] and cultural heritage items [4], [5]. In this regard, 
more recently, it has been applied for the examination of 
different kind of artworks, for obtaining important information 
about their structure and, in general, for increasing their 
knowledge, assessing their maintenance conditions, and possibly 
for evaluating a possible restoration. Among its various 
configurations, the pulsed thermography is an effective tool [6], 
[7], [8] which can be successfully applied to perform a depth-
resolved analysis of a wide variety of features in artifacts. For 
example, it has been revealed useful for the analysis of ancient 
bronzes [9], [10], wooden/canvas paintings [11]-[13], frescos 
[14], [15], or historic buildings [16]. Recently it has also been 
applied to the investigation of ancient books [17]. This technique 
is simple but quite powerful. The working principle [18] relies on 
exciting the sample with a flash of visible light which can be 
absorbed in correspondence of the specimen surface (case of 
optically opaque samples) or inside its volume (case of optically 

semi-transparent samples) and converted into heat. The heat can 
diffuse in the sample volume and induce a temperature increase 
implying a variation of the infrared emission which is detected 
by an infrared camera (Figure 1a shows the setup employed in 
this study). In the case of optically opaque samples, the camera 
can detect only the infrared radiation emitted by the sample 
surface, whereas in the case of optically semi-transparent 
samples, the infrared image recorded by the camera is 
contributed also by the emission relevant to the layers beyond 
the surface. The infrared image can reveal features lying beyond 
the illuminated surface if they constitute a discontinuity in the 
thermal and optical properties of the sample. In particular, pulsed 
thermography provides depth-resolved investigations since 
features located at different depths appear in the infrared image 
with different time delays. Such a possibility is not granted by 
most of the other techniques employed in the cultural heritage 
field such as infrared reflectography [19]. 

Recently the authors of this paper successfully applied pulsed 
thermography for the detection of writings belonging to scraps 
of earlier manuscripts and parchments, used to realize the 
bookbinding of ancient books [20], [21]. The buried text can be 
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revealed because of two different effects: on one hand, the ink 
has a different emissivity with respect to surrounding paper 
(optical effect); on the other hand, the ink absorbs visible light 
more than the surrounding paper, inducing a larger temperature 
increase and a consequent increase of infrared radiation (thermal 
effect). Compared to infrared reflectography, pulsed 
thermography has been proven to enable more effective 
detection of hidden graphical features, especially when buried 
below optically diffusing layers such as paper leaves [22]. In 
addition, unlike reflectography, pulsed thermography can also 
offer the possibility to distinguish between features located at 
different depth levels.  

In this paper, a comprehensive mathematical model is 
recalled, for the description of the infrared emission of a sample 
made of an optically semi-transparent material and containing an 
ink layer buried inside at a certain depth beyond the front surface, 
upon excitation with a pulse of visible light. The model is three-
dimensional and takes into account lateral diffusion of the heat 
generated in the ink layer after absorption of the light pulse.  

A finite element scheme is developed based on the proposed 
model, and it is used to perform numerical simulations of the 
investigated phenomenon. In particular, the reported simulations 
are designed to investigate on the factors affecting the readability 
of the buried text. To this end two indices are introduced for 
quantitatively evaluating this property, namely the signal contrast 
and the signal distortion. The former is the difference of the 
infrared signal in correspondence of the ink layer and far away 
from it, whereas the latter, related to the blurring of the ink 
infrared image, measures how much the signal contrast along a 
segment perpendicularly crossing the ink layer deviates from the 
step-like profile. 

The numerical results show that the signal contrast exhibits a 
maximum just after the flash pulse for small to moderate ink 
depths, since in those cases the direct infrared emission of the 
ink prevails in the generation of the ink infrared image. For larger 
value of the depth the signal contrast reaches a maximum at later 

times since in those cases the thermal contribution is dominant 
in the signal generation. 

The distortion increases with time since it essentially depends 
on the lateral diffusion of the heat generated in the ink layer. On 
the other hand, it has a negligible dependence on the depth of 
the ink layer, i.e. if one compute the distortion index for an ink 
layer buried at different depths, it will be very similar in all cases 
at each fixed time delay from the flash pulse. 

Finally, some experimental results are shown, regarding the 
detection of a hidden text buried beneath the end-leaves of an 
ancient manuscript. The experimental results show the 
effectiveness of the pulsed thermography for this application and 
are in qualitative agreement with the theoretical considerations. 

The paper is organized as follows: in Section 2 the 
mathematical model is presented and the mathematical 
assumptions at the basis of the model are mentioned. Moreover, 
the numerical method employed for performing the numerical 
simulations is described. In Section 3 the numerical results are 
reported. In Section 4 the apparatus used to perform the 
experiments is described and the experimental results are 
depicted. In Section 5 both the numerical and experimental 
results previously reported are discussed and some general 
considerations are formulated. Finally, in Section 6 the main 
conclusions concerning the present work are pointed out. 

2. MODEL 

In this section the mathematical model used for performing 
all the numerical simulations reported in the paper will be briefly 
recalled.  

In Figure 1b a schematic representation of the specimen 
considered in the model is reported. It is composed of a paper 
layer of lateral dimension A, B and thickness H with an ink layer 
of lateral dimensions a, b and thickness h, buried inside the paper 

at a certain depth 𝑑. A cartesian frame is introduced, with origin 

in the centre of the paper illuminated surface, with axes (𝑥, 𝑦) =
𝑥̅ parallel to the lateral sides of the specimen and 𝑧 directed 
downward along the thickness. The specimen is excited by a 

pulse of visible light of uniform intensity 𝐼0 and the consequent 
variation of infrared radiation is computed as a function of the 

position 𝑥̅ and time 𝑡. By assuming 𝑏 ≪ 𝐻, a concentration of 
capacity is operated for the ink layer which is thus modelled as a 
surface domain whereas the paper domain is three dimensional. 

By indicating with 𝑇𝑝(𝑥̅, 𝑧, 𝑡) the temperature inside the paper 

domain and with 𝑇𝑖(𝑥̅, 𝑡) the temperature inside the ink layer, 
the field equation governing the temperature evolution can be 
written as 

𝜌𝑝𝑐𝑝

𝜕𝑇𝑝

𝜕𝑡
− 𝑘𝑝𝑥̅∆𝑥̅𝑇𝑝 − 𝑘𝑝𝑧

𝜕𝑇𝑝

𝜕𝑧
= 𝑓𝑝

ℎ𝜌𝑖𝑐𝑖
𝜕𝑇𝑖

𝜕𝑡
− ℎ𝑘𝑖∆𝑥̅𝑇𝑖 = 𝑓𝑖  .

 (1) 

In equation (1), 𝜌, 𝑐, nd 𝑘 indicate, respectively, the volume 
density, the specific heat, and the heat conductivity, with 

subscript 𝑝 and 𝑖 referring, respectively, to quantities relevant to 
the paper domain and to the ink domain. In particular, an 
anisotropic heat diffusion was accounted for in the paper, with 

planar heat conductivity 𝑘𝑝𝑥̅ , and vertical heat conductivity 𝑘𝑝𝑧. 

Finally, 𝑓 is the heat source term and ∆𝑥̅ is the Laplacian operator 
acting only along the planar coordinates. In order to compute the 
expression for the heat source terms, it is assumed that the 
excitation light pulse undergoes infinite reflections at the paper 

a)  

b)  

Figure 1. a) Set up of the thermographic system; b) Schematic representation 
of the specimen considered in the mathematical model. 
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front and rear surfaces, and a concentrated absorption when 
crossing the ink layer. By generalizing an expression given in [23] 
in the case of a uniform optically semi-transparent specimen, the 

spatial profile 𝐼(𝑥̅, 𝑧) of the light intensity inside the specimen in 
the region containing the ink layer is given by: 

𝐼(𝑥̅, 𝑧) =
𝐼0(1 − 𝑅)

1 − 𝑒−2𝛼𝐻𝑅2𝛾2 𝑒−𝛼𝑧                                    

   +
𝐼0(1 − 𝑅)𝑒−2𝛼𝐻𝑅𝛾2

1 − 𝑒−2𝛼𝐻𝑅2𝛾2 𝑒𝛼𝑧    0 < 𝑧 < 𝑑

𝐼(𝑥̅, 𝑧) =
𝐼0(1 − 𝑅)𝛾

1 − 𝑒−2𝛼𝐻𝑅2𝛾2 𝑒−𝛼𝑧                                    

             +
𝐼0(1 − 𝑅)𝑒−2𝛼𝐻𝑅𝛾

1 − 𝑒−2𝛼𝐻𝑅2𝛾2 𝑒𝛼𝑧      𝑑 < 𝑧 < 𝐻,        

 (2) 

where 𝑅 is the reflection coefficient, 𝛾 is the transmission 

coefficient of the ink layer and 𝛼 is the light absorption 
coefficient of the paper. 

It can be noticed that 𝐼(𝑥̅, 𝑧) is discontinuous across 𝑧 = 𝑑, 
and its jump is equal to the light absorbed by the ink layer. 

A similar expression holds in the region non containing the 

ink layer, by setting 𝛾 = 1 in (2). Needless to say that in this case 

𝐼(𝑥̅, 𝑧) is continuous along the paper thickness. The temporal 

dependence of 𝐼 is a dirac mass centered at the time of the flash 
pulse. 

The expression of the source terms in (1) reads as: 

𝑓𝑝(𝑥̅, 𝑧, 𝑡) = −𝜒
𝜕𝐼(𝑥̅, 𝑧)

𝜕𝑡
𝛿(𝑡)

𝑓𝑖(𝑥̅, 𝑧) = −[𝐼(𝑥̅, 𝑧)]𝑧=𝑑𝛿(𝑡) +
𝜕𝑇𝑝

𝜕𝑧
|

Γ+
−

𝜕𝑇𝑝

𝜕𝑧
|

Γ−
,
 (3) 

where  𝜒 is the fraction of light effectively converted into heat 

(the remaining is scattered away), Γ+and Γ− are, respectively, the 

interfaces between the ink layer and surrounding paper for 𝑧 =
𝑑+ and 𝑧 = 𝑑−, 𝛿(𝑡) is the Dirac mass centered at 𝑡 = 0 and [∙
]𝑑 denotes the jump of the function inside the brackets across 

𝑧 = 𝑑. 

The infrared signal 𝑆 recorded by the camera is given by: 

𝑆(𝑥̅, 𝑡) = 𝐾 [∫ 𝛽𝑇𝑝(𝑥̅, 𝑧, 𝑡)𝑒−𝛽𝑧𝑑𝑧 + 𝜂𝑇𝑖(𝑥̅, 𝑡)𝑒−𝛽𝑑
𝑑

0

+ (1 − 𝜂) ∫ 𝛽𝑇𝑝(𝑥̅, 𝑧, 𝑡)𝑒−𝛽𝑧
𝐻

𝑑

] 

(4) 

in the region containing the ink layer, whereas in the region not 
containing the ink layer the following expression holds: 

𝑆(𝑥̅, 𝑡) = 𝐾 ∫ 𝛽𝑇𝑝(𝑥̅, 𝑧, 𝑡)𝑒−𝛽𝑧 d𝑧.
𝐻

0

 (5) 

In (4) and (5) 𝛽 is the infrared absorption coefficient in the 

paper, 𝜂 is the concentrated emissivity of the ink layer and 𝐾 is a 
constant. 

In order to perform the numerical simulations shown in the 
next section, a finite element scheme was developed based on 
the model previously reported, and a dedicated program in the 
Matlab environment was written. The finite element scheme 
employs triangular elements for the mesh of the ink layer and 
prisms with triangular bases for the mesh of the paper volume, 
with linear shape functions. The isoparametric map is used to 
perform the integrals in each element belonging to the mesh. 
Finally, the Crank-Nicolson algorithm is adopted for the time 
integration. Alternatively, Comsol could be used to solve the 

weak formulation of the model equations previously reported, 
automatically managing all the machinery required by the finite-
element method. On the other hand, the methodology adopted 
here allows one to have direct control on the numerical 
procedure and is preferable for performing a curve fitting of the 
experimental results for physical parameter estimation.  

A typical mesh of the specimen considered in the model is 
reported in Figure 2, where a mesh refinement is used near the 
lateral boundaries of the ink layer in order to accurately evaluate 
the lateral heat flow and consequently the distortion index of the 
ink layer. 

3. NUMERICAL RESULTS 

In this section some numerical results will be reported, aimed 
at investigating the factors affecting the readability of the buried 
text. 

To this end two indices are introduced, namely the signal 

contrast 𝐶(𝑥̅, 𝑡) and the distortion index 𝐷(𝑡). The former is 
defined as: 

𝐶(𝑥̅, 𝑡) = 𝑆(𝑥̅, 𝑡) − 𝑆∞(𝑡), (6) 

where 𝑆∞ is the signal detected far away from the ink layer, where 
its behaviour is almost independent from the spatial position. 

The distortion index 𝐷(𝑡) is defined as: 

𝐷(𝑡) = 𝑥𝑏(𝑡) − 𝑥𝑎(𝑡). (7) 

In (7), 𝑥𝑎 and 𝑥𝑏 are the abscissas along a segment 
perpendicularly crossing an ink layer side in correspondence of 
its midspan, where the signal contrast is respectively equal to 
98% and 2% of its maximum value (see Figure 3). 

All the numerical simulations reported in the foregoing were 
obtained by using the parameter values in Table 1, which are 
typical for a standard paper sheet and were carefully estimated by 
suitable experimental results as described in [21]. 

 

Figure 2. Typical mesh of the considered specimen with a mesh refinement 
along the lateral sides of the ink layer. 

 

Figure 3. Definition of the distortion index D(t). 
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In Figure 4, the signal contrast computed at the centre of the 
specimen, location obviously exhibiting the maximum contrast 
value, versus time is reported in correspondence of different 
values of the ink layer depth d. The distortion index 
corresponding to each tested value of depth d is reported in 
Figure 5, versus the time t.  

To highlight more clearly the blurring effect due to the heat 
lateral diffusion, in Figure 6 the contrast along a segment 
perpendicularly crossing a lateral side of the ink is reported. Each 
profile corresponds to a different value of the ink layer depth d, 
and it was computed at the time for which the contrast at the ink 
centre is maximum. Accordingly, each profile corresponds to a 
different time, the greater is the ink layer depth d, the greater is 
the time at which the contrast in the centre of the ink layer 
reaches its maximum (Figure 4). 

Finally, a simulation was run in order to assess the separate 
contributions of the thermal and optical effects to the generation 
of the infrared signal. To this end, in Figure 7 the signal contrast 
in correspondence of the centre of the ink layer is reported 
versus the time t. 

Two different values of the ink layer depth are considered, 
and for each depth two curves are reported: one accounting for 
both the thermal and the optical effects together (complete 
model) and a second one where only the thermal effect is acting. 
The latter was obtained by deleting from the infrared signal the 

direct ink layer emission (i.e. by setting 𝜂 = 0 in the second term 
appearing in (4)). 

4. EXPERIMENTAL RESULTS 

In this section some experimental results are reported, 
showing an application of the pulsed thermography for the 
detection of text buried under the end-leaves of an ancient 
manuscript. 

To this end, the manuscript sample was heated by using two 
flash lamps symmetrically oriented with respect to the book page 
to be investigated. The flash duration was approximately equal to 
3 ms. Infrared radiation from the flash lamps was cut off by 
proper filters to prevent their reflection towards the camera so 
that the signal revealed by the infrared camera is contributed only 
by the direct emission of the paper sample. A Cedip JADE 
MWIR camera having a 3.6-5.1 µm wavelength sensitivity range 
and a focal plane array with 320 × 240 pixels was used for the 
acquisition (Figure 1b). 
The experimental results presented in the foregoing were 
obtained by preliminary measurements on an ancient 
manuscript. 

 

Figure 4. Signal contrast at the centre of the ink layer versus time in 
correspondence of different values of the ink layer depth. 

Table 1. Parameter values used in the numerical simulations. 

Parameter Value 

𝜌𝑝, 𝜌𝑖 750 kg/m3 

𝑐𝑝, 𝑐𝑖 1400 J/(kg K) 

𝑘𝑝𝑧, 𝑘𝑖  0.1074 W/(m K) 

𝑘𝑝𝑥̅ 0.1611 W(m K) 

𝛼 12.81 × 103 m-1 

𝛽 24.01 × 103 m-1 

𝜂 0.9 

𝜒 0.065  

Figure 5. Distortion index versus time in correspondence of different values 
of the ink layer depth. For the conversion from mm to pixels a pitch value of 
100 µm was assumed. 

 

Figure 6. Signal profiles along a segment perpendicularly crossing a lateral 
side of the ink layer at its midspan, versus position. Several values of ink layer 
depth considered in the simulation. 

 

Figure 7. Signal contrast at the centre of the ink layer versus time, in 
correspondence of different values of the ink layer depth. For each value of 
the ink layer depth two cases are considered: in one case the complete model 
was used to run the simulation, in the second case the ink layer infrared 
emission was excluded. 
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In Figure 8 three thermograms are reported, representing the 
detection of a hidden text located at almost 100 µm under the 
surface of the book end paper. In particular, the image a) is 
recorded 0.02 s after the flash pulse, the image b) 0.04 s after the 
flash pulse and, finally, the image c) 0.16 s after the flash pulse. 

The thermogram collected 0.04 s after the light pulse exhibits 

the best contrast 𝐶 but at that time the blurring effect prevents 
a clear readability of the hidden text. The thermogram recorded 
after 0.02 s still have a satisfying contrast level together with a 
reduced blurring effect of the image and is thus preferable for a 
clear readability of the hidden text. The last thermogram 
(Figure 8 c) presents a low contrast with a high distortion index, 
so the readability of the hidden text is quite difficult. 

Finally, in Figure 9 the experimental thermographic signal is 
reported, along a segment perpendicularly crossing an ink letter 
across its boundary. The blurring effect clearly appears and it is 
in qualitatively agreement with the numerical contrast profiles 
reported in Figure 6. 

5. DISCUSSION 

The numerical results reported in the previous section were 
performed in order to investigate the readability of hidden text 

in ancient manuscripts, in terms of the signal contrast 𝐶 and the 

signal distortion 𝐷. First, the influence of the ink layer depth d is 
investigated, which turned out to be crucial for the text 
readability.  

The contrast curves reported in Figure 4 relevant to different 
values of the ink layer depth d exhibit different behaviours. In 
particular, the contrast at any fixed time after the flash pulse 
increases with the decrease of d. For d = 40 µm the contrast 
reaches a maximum just after the flash pulse, and after that 
monotonically decreases with time. In fact, the depth d is so small 
that the heat generated inside the ink due to the light absorption 
induces a maximum radiation soon after the flash pulse. By 
increasing the time, the heat generated inside the ink diffuses in 
the layers beyond the ink and thus the infrared radiation due to 
the ink decreases. A different behaviour is exhibited by the 
curves relevant to d = 80 µm and d = 120 µm, where the signal 

contrast reaches a maximum at a certain time delay tm after the 
flash pulse. In particular, tm turns out to increase with the increase 
of d. This is because the infrared emission in the region where 
the ink layer is located is largely attenuated by the absorption in 
the layers above the ink. Accordingly, in order to get an increase 
of the signal contrast revealed by the infrared camera, the heat 
generated in the ink layer after absorption of the light pulse must 
diffuse upward inducing a temperature increase and a consequent 
increase of infrared emission in the layers close to the specimen 
front surface. Obviously, the greater is d, the greater will be the 
time needed by the diffusion to produce a temperature increase 
in the volume where the consequent infrared emission can reach 
the camera. 

In order to assess the contribution to the detected infrared 
signal due to the thermal and optical effect the numerical 
simulations reported in Figure 7 were performed. By considering 
the two values of ink layer depth d = 40 µm and d = 80 µm, one 
simulation was performed by considering the complete model 
(both effects acting at the same time), whereas a second 
simulation was run by neglecting the direct infrared emission 
operated by the ink layer (so only the thermal effect is 
contributing to the signal generation). The results show that for 
the considered values of d both the effects are important for the 
generation of the signal contrast. As expected, if the value of d is 
small the direct emission of the ink layer becomes important 
since it is poorly attenuated by volume absorption in the volume 
above the ink layer. On the other hand, for greater values of d 
the thermal effect becomes predominant in the signal contrast 
generation since the direct emission operated by the ink layer is 
almost totally absorbed before exiting the specimen. 

The distortion index relevant to the three values of d 
considered in the simulations reported in Figure 4, is depicted in 
Figure 5 versus the time t. As it clearly appears, for each fixed 
time t after the flash pulse the distortion index is not affected by 
the ink layer depth d. This result shows that the blurring effect of 
the revealed ink layer image depends only on the lateral diffusion 
of the thermal heat initially generated into the ink layer upon light 
pulse absorption, and thus monotonically increases with the 
time. 

In order to better highlight the behaviour of the blurring 
effect in Figure 6 the signal contrast is depicted along a segment 
perpendicularly crossing the ink layer in correspondence of the 
midspan of a lateral side. Each of the three curves is relevant to 
a different value of the ink layer depth d, and it is computed at 
the time tm where the signal contrast reaches a maximum at that 
value of d (see Figure 4). It clearly appears that for small values 
of d it is possible to have the best readability soon after the flash 

 

Figure 8. Experimental infrared image of a buried text in the end-leaf of an 
ancient manuscript taken at different time delays from the flash pulse. 

 

Figure 9. Experimental signal profile along a segment perpendicularly 
crossing the border of an ink letter of a buried text in the end-leaves of an 
ancient manuscript. 
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pulse, when the signal contrast is maximum and the distortion 
index is very small. In fact the curve relevant to d = 40 µm in the 
figure exhibits a very high contrast with an almost step-like 
behaviour. For larger values of d the distortion index at the time 
tm (when the maximum contrast was reached) can be important, 
increasing with the increase of d and, consequently, of tm. In 
those cases it is convenient, in order to achieve the beast 
readability of the buried text, to consider thermograms at a time 
shorter than tm, when the signal contrast is already satisfying and 
the image blurring is still acceptable. These consideration are 
qualitatively confirmed by the experimental images reported in 
Figure 8, representing the detection of a text buried under the 
end-leaves of an ancient manuscript. 

6. CONCLUSIONS 

In this paper the innovative use of pulsed thermography for 
reading hidden text contained in ancient manuscripts is 
considered. 

A detailed mathematical model was developed for 
quantitatively assessing the readability of the hidden text, 
accounting for three-dimensional heat diffusion inside the 
specimen. Two indices for measuring the text readability were 

introduced: the signal contrast 𝐶 and the distortion index 𝐷. 
Several numerical results were presented, assessing the 

influence of the main factors involved in the phenomenon. In 
particular, the signal contrast at each fixed time after the flash 
pulse is greatly affected by the ink layer depth d, and is larger for 
smaller values of d. It attains a maximum at a certain delay tm 
after the flash pulse, with tm increasing with d. 

On the other hand, the distortion index measuring the 
blurring effect of the detected image turned out to depend solely 
on the time, since it is affected by the heat lateral diffusion. In 
particular, it monotonically increases with time and is 
independent on d at any fixed time t. As a consequence, for small 
values of d, the best readability is achieved soon after the flash 
pulse, when the contrast is maximum and the distortion is very 
low. For larger values of d the best readability is not achieved at 
tm since at that time the blurring effect may be consistent, but a 
shorter time should be considered. 

Finally, some experimental results on a real case were also 
presented, in order to show the effectiveness of the technique. 
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