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1. INTRODUCTION 

According to the international standard [1], the electrolytic 
conductivity (EC) k (S⸱m-1) is defined as the quotient of the 
magnitude of electric current density J (A⸱m-2) and the magnitude 
of electric field strength E (V⸱m-1) [2]. In the system of 
fundamental physical quantities, EC has the following 
dimension:  

dim 𝑘 =
𝑇ଷ 𝐼ଶ

𝑀 𝐿ଷ
 . (1)

This expression reflects the connection of EC with the 
measurement standards of mass M (kg), length L (m), time T (s), 
and electric current I (A). However, in practice, it is extremely 
inconvenient to use the above quantities as well as the electric 
current density and electric field strength. For these reasons, at 
present, for the practical realization of the EC unit, conductivity 
cells with a well-defined geometry are used. The dimensions of 
such cells are accurately measured. The main types of such 
primary cell designs are a Jones-type cell with a removable central 
extension tube [3]-[7] and a cell with a movable electrode [6]-[10].  

Both types of cell designs implement the differential method 
of measurement. The main purpose of using the differential 

method is to suppress the effect of electrochemical impedance 
on the electrode/electrolyte interfaces [11]-[17]. The 
measurement result using the differential method is the 
resistance of the “virtual” liquid column, which is formed as a 
consequence of the difference in the lengths of the two liquid 
columns.  

Jones-type cells with a removable central extension tube have 
become widespread among national metrological institutes 
(NMIs) for the practical realization of the EC unit. This design 
was first proposed and developed at the National Institute of 
Standards and Technology (NIST, Gaithersburg) more than 30 
years ago [18]. However, even at the present stage, such a 
principle is used in the establishment of national measurement 
standards, for example, at the National Metrology Institute of 
Japan (NMIJ) [5]. The central extension tube of such a cell can 
be removed in order to shorten the distance between the 
electrodes, thereby reducing the liquid column resistance, or it 
may be put back, thereby increasing the resistance.  

However, this method is based on the assumption that the 
lines of current density J (A⸱m-2) inside the cell are not distorted 
after assembling. But in fact, the inner surface of a conductivity 
cell of this design can have a stepped shape. This can be caused 
by existing radial displacements between the axes of the tubes or 
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by diameter inequality. These phenomena are equivalent to a 
change in the effective cross-sectional area of the liquid column 
and lead to errors in the measurement of resistance. 

The purpose of this article is to develop mathematical models 
of liquid columns and obtain quantitative characteristics of the 
errors that may occur when measuring the resistance of a cell of 
this design. In order to simulate the current density distribution 
inside the cell and the electrical resistance of the electrolyte 
columns, the finite element method (FEM) was used [19]. This 
method is widely used and is not new in electrochemistry. It is 
often used to test the electric field uniformity when designing 
conductivity cells [5] or even when modeling the electrochemical 
impedance and capacitance of electrode systems [20]. 

2. PHYSICAL AND MATHEMATICAL MODELS 

2.1. Physical model of a cell 

The cell with a removable central extension tube consists of 
three sections. The first two are secondary Jones-type cells [4], 
[21], [22] cut in half. Each of the half-cells has a length of l (m). 
A simplified physical model of the cell, which will later be used 
to calculate the resistance without a central extension tube, is 
shown in Figure 1(a). It has one joint where radial displacement 
can occur, denoted as h (m). This displacement makes the outer 
surface of the liquid column stepped. Correspondingly, the lines 
of current density J (A⸱m-2) inside the cell are distorted; see 
Figure 1(b). 

The third section of the cell is a removable extension tube of 
length L (m), inserted between two half-cells. Simplified physical 
models of a cell of three tubes are shown in Figure 2. The cell 
with the removable central tube has two joints with the side 
tubes. Accordingly, the radial displacement can only be at one 
joint, and there is no displacement at the other (see Figure 2(a)). 
Radial displacement can occur at two joints. In this case, the 
radial displacements at the joints can be in opposite directions 
relative to the central tube (with different signs) (see Figure 2(b)), 
or they can be in one direction (with one sign) (see Figure 2(c)). 

The operation algorithm is as follows: First, the resistance 
Rm1 (Ω) is measured with a liquid column length of 2 l (without 
a central extension tube). Then the length of the liquid column is 
increased to 2 l + L by putting the central extension tube 
between two half-cells, and resistance Rm2 (Ω) is measured. The 
EC is expressed by the equation [8]-[10]: 

𝑘 =
𝐿

𝐴
 

1

𝑅୫ଶ − 𝑅୫ଵ

=
4 𝐿

π 𝐷ଶ
 

1

𝑅୫ଶ − 𝑅୫ଵ

 , (2)

where L (m) is a “virtual” liquid column length, A (m2) is the 
cross-sectional area of a cell, and D (m) is the inner diameter of 
the cell. This basic equation is used to determine the EC in 
almost all national measurement standards with a two-electrode 
primary cell. 

The problem is that equation (2) is valid only under the 
condition of a uniform distribution of field lines inside the cell. 
The equation is based on the following axiom. The resistance of 
the liquid column is determined only by the EС of the solution 
k (S⸱m-1) and the geometrical dimensions of the liquid column, 
length L (m), and cross-sectional area A (m2) [3], [22]: 

𝑅୦୭୫ =
𝐿

𝐴
 
1

𝑘
=

4 𝐿

π 𝐷ଶ
 
1

𝑘
 . (3)

In turn, the idealized model (2) was obtained with an ideal 
outer surface of the electrolyte column in the form of a straight 
circular cylinder. However, in general terms, at least two factors 
leading to a stepped surface of the electrolyte column can be 
identified. The first factor is the tube diameter inequality. The 
difference in diameters is determined by the manufacturing 
technology. It will be minimal when all three tubes are made 
from the same workpiece. The second factor is determined by 
the radial displacement that can occur during permanent central 
tube removals. Each of these factors leads to the fact that the 
measurement result will not correspond to the idealized model - 
the resistance of a liquid column with a uniform field inside. As 
a result, there is a relative error δR (%) when measuring the 
resistance of the liquid column: 

𝛿ୖ =
𝑅୫,௜ − 𝑅୦୭୫,௜

𝑅୦୭୫,௜

⋅ 100 , (4)

where Rm,i (Ω) is the measurement result (resistance of the liquid 
column under conditions of a non-uniform field), and Rhom,i (Ω) 
is the resistance of the liquid column under conditions of a 
homogeneous field (idealized model).  

2.2. Mathematical model of a cell 

In order to calculate the resistance Rm,i (Ω) and, accordingly, 
the error (4), a mathematical model was used. It is based on a 
field theory in which the distribution of the scalar electric 
potential corresponds to the three-dimensional Laplace’s 
equation [16], [17] in rectangular Cartesian coordinates: 

 
Figure 1. Simplified physical model of a Jones-type cell without a central 
extension tube when the radial displacement occurs.  

 
Figure 2. Simplified physical models of a Jones-type cell with a central 
removable extension tube when the radial displacement occurs. 
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𝜕ଶ𝐸

𝜕𝑥ଶ
+

𝜕ଶ𝐸

𝜕𝑦ଶ
+

𝜕ଶ𝐸

𝜕𝑧ଶ
= 0 . (5)

Calculation of the resistance of the liquid column Rm,i (Ω) was 
carried out according to equation (6), where the measuring 
voltage Ucell (V) was set as a constant and the electric current 
through the cell Icell (A) was calculated by integrating the z-
component of the electric current density JZ (A⸱m-2) over the 
cross-sectional area A (m2) [23]: 

𝑅୫, ௜ =
𝑈ୡୣ୪୪

𝐼ୡୣ୪୪

=
𝑈ୡୣ୪୪

∫ 𝐽௭ d𝐴
஺

 . (6)

Equations (5), (6) are standard built-in functions of many 
software products designed for modelling various physical 
phenomena by the finite element method. In this study, so as to 
estimate the resistance of the cell filled with the solution and 
obtain quantitative characteristics for a range of geometrical 
parameters of the cell, Comsol Multiphysics® software was used.  

When modelling, the following parameters were set: EC of 
the solution: k = 0.1 S·m-1, voltage on the electrodes of the cell: 
Ucell = 1 V, relative permittivity of the solution: εr = 77 [24], the 
boundaries of the model are electrically isolated, and the result 
of solving the model is the resistance between the electrodes. 

The accuracy of the simulation result is greatly influenced by 
the size of the mesh elements of the 3D model. This is especially 
critical for small models with high surface curvature. The 
following parameters for the size of tetrahedral mesh elements 
were used in the simulation: maximum element size: 2.2·10-3 m, 
minimum element size: 2.2·10-5 m, maximum element growth 
rate: 1.3, curvature factor: 0.2, resolution of narrow regions: 1. 
These settings correspond to the predefined setting “extremely 
fine”. A typical mesh of a liquid column 3D model is shown in 
Figure 3. 

3. SIMULATION RESULTS 

As an object for specific calculations, a conductivity cell with 
the following dimensions was chosen: D = 20 mm, l = 40 mm, 
L = 60 mm. These geometrical parameters are very close to the 
primary cell dimensions used in the Slovak and Japanese NMIs 
[6], [5]. In this study, error (4) was calculated, considering three 
possible variants of cylindricity distortion of the liquid column 
surface. 

3.1. Option 1 

There are two tubes with the same inner diameter: 
D1 = D2 = D. Nevertheless, with each assembling of the cell, 
radial displacements h (m) can occur. Only one displacement is 
possible when measuring the resistance Rm1 (Ω) to calculate the 
EC (2). A physical model of such a cell is shown in Figure 1(a). 

The error (4) that may occur in this case and is expressed by 
equations (3)-(6) is shown in Figure 4(a) and Figure 4(b). 

Two displacements are possible when measuring the 
resistance Rm2 to calculate the EC (2). Their physical models are 
shown in Figure 2. The error that may occur in this case and is 
expressed by equations (3)-(6) is shown in Figure 5. The error 
plots for the model in Figure 2(b) and 2(c) are the same. This 
means that the non-uniform fields due to each displacement do 
not overlap. Accordingly, the error due to two displacements 
does not depend on their relative positions. However, this error 
depends on the number of displacements. According to the 
results, the errors are additively combined. 

3.2. Option 2 

In order to simplify the computational procedures, only the 
model in Figure 1 was considered. The following conditions 
were set: there is no radial displacement h = 0, but nevertheless, 
due to technological defects in the manufacture of tubes, they 
have different diameters D1 ≠ D2. The difference in diameters is 
denoted as follows: D1 – D2 = ΔD. Error (4) due to the possible 
difference in diameters ΔD (µm) was calculated for two values of 
the inner diameter D = 10 mm and D = 20 mm. The results are 
shown in Figure 6(a). If one compares these results with the plots 
in Figure 4(a), it is obvious that for D = 20 mm, the difference 
in diameters causes a 30 times greater error than the radial 
displacement. 

 
Figure 3. A typical mesh of a liquid column model with a radial displacement. 

 

 
Figure 4. Dependencies of the resistance bias δR (%) on the radial 
displacement h (mm): 
(a): assembly of 2 tubes, D1 = D2 = 20 mm, l = 32 mm/40 mm/48 mm.
(b): assembly of 2 tubes, l = 40 mm, D = 16 mm/20 mm/24 mm. 
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3.3. Option 3 

The third option is a combination of the first two. Also, in 
order to simplify the computational procedures, only the model 
in Figure 1 was considered. Error (4) is calculated under the 
condition that there is a radial displacement h ≠ 0 and a 
difference in diameters D1 – D2 = ΔD. The results of calculating 
the error as a function of the possible radial displacement h (m) 
for three values of the difference in the inner diameters of tubes 
ΔD (µm) are shown in Figure 6(b). 

4. ACCURACY OF THE RESULTS 

In order to evaluate the accuracy of the results of modelling 
by the finite element method, the resistance value Rs (Ω) 
obtained by solving the 3D models of cylindrical liquid columns 
was compared to the resistance Rhom (Ω) calculated from the 
geometrical dimensions of the ideal model using equation (3). 
The error of the simulation results δs (%) was determined by the 
following: 

𝛿ୱ =
𝑅ୱ − 𝑅୦୭୫

𝑅୦୭୫

⋅ 100 . (7)

The results for small models are especially informative since 
they have the highest surface curvature. The results of calculating 
the error δs (%) (7) for some models are given in Table 1. In all 
cases of solving the models that were carried out, the error δs (%) 
(7) did not exceed 0.0002 %. 

5. DISCUSSION 

The formation of a stepped liquid column when using a 
differential Jones-type cell leads to a significant distortion of the 
current density distribution (see Figure 7) and, as a result, to an 
error in measuring the resistance δR (%) (4). 

The error shown in Figure 6(a) is deterministic. Therefore, it 
can be used to reduce the systematic error. Regarding the errors 
in Figure 4(a), Figure 4(b), Figure 5, and Figure 6(b), it should be 
noted that the displacement h (m) is difficult to control in the 
measurement. Its magnitude is not known in advance. Therefore, 
these errors should be attributed to random errors. The 
probability density function of such an error is also unknown in 
advance. By intuition, it should be Gaussian, but we cannot 
prove it. However, if the cell design allows the maximum 
possible radial displacement to be determined, the type B 
uncertainty caused by the radial displacement can be estimated 
using a rectangular distribution function. 

 
Figure 5. Dependencies of the resistance bias δR (%) on radial displacement   
h (mm). Assembly of 3 tubes, D = 20 mm, l = 40 mm, L = 60 mm.  

 

 
Figure 6. Dependencies of the resistance bias δR (%) on the difference in 
diameter ΔD (µm) and radial displacement h (mm). (a): assembly of 2 tubes,                       
l = 40 mm, h = 0, D1 ≠ D2 ≈ 10 mm/20 mm. (b): assembly of 2 tubes, l = 40 mm, 
h ≠ 0, D1 ≠ D2 ≈ 20 mm, ΔD = 5 µm/10 µm/20 µm. 

Table 1. Accuracy of simulation results. 

Geometrical 
dimensions of a 

liquid column 

Calculated 
value  
Rhom (Ω) 

Simulation 
result value  

Rs (Ω) 

Simulation 
result error  

δs (%) 
D = 1 mm, 

L = 100 mm 
1,273,239.54 1,273,242.04 0.00020 

D = 9 mm, 
L = 40 mm 

6,287.60269 6,287.61038 0.00012 

D = 10 mm, 
L = 10 mm 

1,273.23954 1,273.23975 0.000016 

D = 25 mm, 
L = 100 mm 

2,037.18327 2,037.18507 0.000088 

 

Figure 7. Current density distribution J (A⸱m-2) in the central slice of the liquid 
column model with a radial displacement (D = 20 mm, l = 40 mm, L = 60 mm, 
h = 0.6 mm). 
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6. CONCLUSIONS 

1. Resistance measurements of primary conductivity cells of 
several national measurement standards [3]-[6] can be 
accompanied by an error of 0.08 % when the tubes are displaced 
without a central tube by 0.6 mm. When measuring resistance 
with a central tube under conditions of two displacements, the 
error can reach 0.1 %. Since the value of the displacement is not 
known in advance, these errors are considered random. They 
cannot be used as corrections to reduce the systematic error but 
must be taken into account when calculating the expanded 
uncertainty during international comparisons. 

2. When measuring the resistance of a cell with a central tube, 
field non-uniformities due to each displacement do not overlap. 
They do not depend on the relative positions of the two 
displacements. This is explained by the fact that for the typical 
tube dimensions chosen for the study, the response to a jump in 
the field strength, when the ideal cylindricity of the surface is 
distorted, has time to level off before the next displacement. 

3. The diameter difference causes a significantly larger error 
than the radial displacement. However, this type of error can be 
used to reduce the systematic error. 
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