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ABSTRACT

A relatively diffused problem in the quality engineering/management field is that in which a set of judges express their individual
(subjective) judgments on a specific attribute of some objects, and these judgments have to be fused into a collective one.

The goal of this paper is to develop a new technique that combines the Thurstone’s Law of Comparative Judgment with an ad hoc
response mode based on preference orderings. This technique allows to express the collective judgment of the objects on a ratio scale

and is applicable to a variety of practical contexts.
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1. INTRODUCTION

A common problem in the field of quality
engineering/management is that in which a set of judges
express their individual (subjective) judgments on a specific
attribute of some objects and they have to be fused into a
collective one [1], [2], [15]. Possible examples can be: (i) the
fusion of individual customer expectations on a set of product
requirements, or (ii) the fusion of judgments by reliability and
maintenance engineers on the severity of a set of possible
process failures.

The scientific literature encompasses a plurality of fusion
techniques, which differ from each other for (at least) three
features [4]:

(1) The response mode for collecting the (input) judgments,
e.g., expressed in the form of preference orderings, paired-
comparison relationships, ratings, rankings, etc.;

(2) the undetlying principle of the fusion technique, e.g,
heuristic, mathematical/statistical, or fuzzy models;

(3) the type of (output) collective judgment, e.g., expressed in the
form of rankings or ordinal/interval/ratio scale values.

The simplest fusion technique is probably that in which

judges evaluate the objects using an ordinal response scale with
a predetermined number of levels — e.g., five: very low, low,

intermediate, bhigh, and very high degree of the attribute. Then, for
each object, the resulting scale levels are converted into
conventional scores (e.g., 1, 2, 3,4, 5 or -2, -1, 0, 1, 2, for five-
level scales) and aggregated through central-tendency indicators.

In the field of voting theory, we recall the method by Borda [3],
while in the field of multicriteria analysis decision-making, we
recall the Analytic Hierarchy Process (AHP) [6]. For an
exhaustive discussion of the existing techniques, we refer the
reader to the vast literature and extensive reviews [1], [4].

Regardless of the peculiarities of the individual fusion
techniques, a key element for their success is the simplicity of
the response mode. Generally speaking, response modes that
are relatively simple and understandable are more likely to be
accepted, and the relevant data collection process is more likely
to be accurate and reliable [3], [5]. For example, various studies
show that comparative judgments of objects (e.g., “O; is more
preferred than O) are generally easier than judgments in
absolute terms (e.g., “the degree of the attribute of O; is
low/high”) [5], [8].

As to the typology of collective judgments, we note that they
are often treated as if they were defined on a ratio scale, even
when they actually are not; e.g., rankings or ordinal-scale values
of the objects are often impropetly “promoted”, in the moment
in which they are combined with other indicators through
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weighted sums, geometric averages, or — more generally —

statistics permissible to ratio-scale values [9], [10]. These

promotions are potentially dangerous, as they can lead to

significant distortions [3].

This article focuses on the Thurstone’s Law of Comparative
Judgment (LCJ) [11], i.e., a consolidated model that, starting from
judgments expressed in the form of paired-comparison
(ordinal) relationships of a set of objects, allows constructing an
interval scaling of these objects. The LCJ] is a milestone of
psychometry and has stimulated the construction of numerous
other models [7]. Despite its elegance and relative
computational simplicity, the LCJ is not very popular in the
quality engineeting/management field, probably because of two
major limitations:

(1) The response mode based on paired comparisons is
inevitably tedious, especially when the number of objects
tends to be high;

(2) The output is defined on an znterval scale, which is not as
powerful as a ratio scale.

The goal of this contribution is to develop a new fusion
technique, which can be easily applied to typical problems in
the quality engineering/management field. The proposed
technique will be based on the combination of the canonical
LCJ model with an ad hoc response mode based on preference
orderings. Apart from the regular objects (O1, Oa, ..., O,), these
orderings will also include two anchor objects, to univocally
identify the zero point and a conventional unit of the output
scale. In this way, the output scale will (reasonably) be
considered as a ratio one.

2. THURSTONE'S LCJ

Thurstone [11] postulated the existence of a psychological
continunm, that is to say an abstract and unknown
unidimensional scale, in which objects are positioned depending
on the degree of a certain attribute — i.e., a specific feature of the
objects, which evokes a subjective response in each judge. The
position of one object is directly proportional to the degree of
the attribute.

According to Thurstone, the position of a generic /~th object
(O) is distributed normally: O, ~ N(u, 67), where g, and o7 ate
the unknown mean value and variance of that object’s attribute.
This distribution has been postulated to reflect the intrinsic
variation between judges in positioning the objects in the
continuum. In addition, the objects’ variances are all equal
(67 = 07 = ... = 0%, and the intercorrelations (in the form of
Pearson coefficients p;) between pairs of objects (O, O) are all
equal too (p; = p, Vi, j).

The application of the L.CJ is based on five steps:

(1) A set of (m) judges (1, ]2, ..., J,) formulate their preferences
for each object (O) versus every other object (O),
considering all possible C5 = n(n—1)/2 pairs, # being the
total number of objects.  Preferences are expressed
through relations of stict preference (e.g., “O1> 02" or
“O1 < 02”) or indifference (e.g., “O1 ~ 02”) [10]. Results are
then aggregated into a frequency matrix (F). Precisely, for
each judge who prefers O;to O, the general element £ € [0,
m| is incremented by one unit; if two objects are
considered indifferent (i.e., “O;~ O)), f; and f; are both
conventionally incremented by 0.5. In mathematical terms:

fi =|A+05| M

where “| | is the cardinality operator that corresponds

to the number of elements of a set, and the two sets
Ac{]:“0,> 0} and B {Ji “O,~ 0}, Of course,
the complementarity relationship f;= » — f; holds.

(2) Next, the f; values are transformed into p; values, through
the relationship:

by =Ty @

where p, represents the observed proportion of times
~that O, was cbosen over O, The p; values are aggregated
into a proportion matrix (P).
(3) Next, p; values are transformed into g; values, through the
relationship:

=@ -p), S)

@() being the cumulative distribution function of the
standard normal distribution. The element z; represents a
unit normal deviate, which will be positive for all values of
(I = p,) over 0.50 and negative for all values of (1 - p))
under 0.50.

In general, objects are judged differently by judges.
However, if all judges express the same preference for each
outcome, the model is no more viable (p; values of 1.00
and 0.00 would correspond to g, values of +o0). A
simplified approach for tackling this problem is to associate
values of p; < 0.023 with g, = @1(1 -0.023) = 1.995 and
values of p; = 0977 with g;= @®1(1-0.977) =-1.995.
More sophisticated solutions to deal with this issue have
been proposed [14].

(4) Next, the z; values related to the possible paired
comparisons are reported into a matrix Z The element g;
is reported in the #th row and j-th column. The
relationship z,= -z, holds, being unit normal deviates
related to complementary cumulative probabilities (i.e.,
b= 1 =p)-

(5) The scaling can be performed by (i) summing the values
into each column of the matrix Z and (ii) dividing these
sums by 7. It can be demonstrated that the result obtained
for each j-th column (x) corresponds to the unknown

average value (1) of the object’s attribute, up to a positive
scale factor and an additive constant [12], [13]:

X, = z (@. )/n =k M k,. In other words, the LCJ
J

results into an znterval scaling, i.e., objects are defined on a
cardinal scale (x) with arbitrary zero point and unit [9], [10].

3. DESCRIPTION OF THE NEW TECHNIQUE

3.1. Introduction of preference orderings

A significant limitation of the canonical L.CJ is that the direct
formulation of paired-comparison (ordinal) judgments can be
tedious and complex to manage, since much repetitious
information is required from judges. Alternatively, judges can
directly formulate preference orderings that are then turned
into paired-comparison data. Precisely, each judge constructs a
linear preference ordering, i.e., a chain of hierarchical levels
containing the objects of interest, linked by arrows depicting
the strict preference (“>”) relationship (see the example in Figure
1). Two or more objects in the same hierarchical levels are
linked by the zndifference (“~) relationship. We note that this
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- 1% hierarchical level

Paired-comparison relationships:

/ 01 Oz 03 O4
Tags related to the Oy]- |> |< |<
individual objects
~ > 0, - <<
_ nd e .
== 2" hierarchical level /~ 0, -~
\ (oA R

3" hierarchical level

Resulting (linear) preference ordering (analytic form): (O3 ~ Og) > O > O,

Figure 1. Practical technique to support the construction of preference
orderings using tags and (indirect) determination of paired-comparison
relationships.

response mode forces judges to be #ransitive (e.g., if “O1 > O,
and “O2 > 057, then “O1 > O37).

Even though the formulation of preference orderings may
sometimes be less practical then the use of ordinal response
scales (e.g., in the case of telephone or street interviews), the
fact remains that it is less prone to the following problems: (i)
ordinal scales tend to be used subjectively, as there is no
absolute reference shared by all judges, and (ii) the number of
categories in the ordinal scale (e.g., a five-level scale) may
conflict with the real discriminatory power of judges.

3.2. ZM anchoring of the Thurstone’s Scaling

Another limitation of the canonical I.CJ is that the resulting
(interval) scale is not “anchored” with respect to the (unknown)
psychological continuum, in which objects are positioned, due
to the arbitrary zero point and unit. This limitation makes the
results of different scaling processes difficult to compare.

We have developed a new anchoring technique,
denominated “ZM”, based on the application of the LCJ,
including two anchor objects among the regular ones (Oi, O,
etc.): Z, i.e,, an anchor object corresponding to the absence of the
attribute of interest, and M, i.e., an anchor object corresponding
to the maximum-imaginable degree of the attribute, consistently
with  the current technological and  socio-economic
development.

Likewise, the regular objects, Z and M are assumed to
project a normal distribution on the psychological continuum,
with unknown mean value and unknown variance, equal to that
of the other objects (see Sect. 2). Each judge has to formulate a
preference ordering of the objects, with two important
requirements:

(1) Z should be positioned at the bottom of the preference
ordering. In the case the attribute of another object is
judged to be absent, that object will be considered
indifferent to Z.

(2) M should be positioned at the top of the preference
orderings. In the case the attribute of another object is
judged to be the maximum-imaginable, that object will be
considered indifferent to M.

Next, the Thurstone’s scaling is performed and the resulting
(interval) scale is transformed into a new one, defined in the
conventional range [0, 100], through the following linear
transformation:

yj_O:X/_XZ = J.:100.ﬁ 4)
100-0  xp —xy /

XM T Xz

where x;, and x;,; are the scale values of Z and M, resulting from
the LCJ; x; is the scale value of a generic j-th object, resulting
from the 1.CJ; y; is the relevant transformed scale value in the
conventional range [0, 100].

The introduction of Z and M allows to anchor the LCJ scale
(x) into a new scale () with a conventional unit and a zero
point (which corresponds to the absence of the attribute); it is
therefore reasonable to consider y as a ratio scale. We remark
that setting the value of M to 100 is a normalization that makes
the scale unit comparable with that ones obtained from other
LCJ processes.

In the example in Figure 2, five judges (/i to Js) have to
compare four products (O1 to Oy, ie., the objects of interest),
based on their simplicity of use (i.e., the attribute of interest).
Precisely, each judge formulates a preference ordering of the
four (regular) objects and two anchor objects (Z and M).

The introduction of Z and M increases the information
content of preference orderings. For example, the information
that the degree of an attribute is zero or the maximum-
imaginable one is richer than the information that it is just
lower or higher than the remaining ones. The price to pay for
this information enrichment is the increased effort of judges,
who should also consider the two dummy/anchor objects,
envisaging their “absolute” meaning.

The preference orderings ate then translated into paired-
comparison relationships and the LCJ is applied (see Figute 3).

We have verified that the new anchoring technique provides
results in line with those obtained from other existing
techniques, such as that suggested by Torgerson’s [14].

4. CONCLUSIONS

This paper proposed a new fusion technique that combines the
canonical LCJ model with an ad hoc response mode based on
preference orderings. Apart from the regular objects, these
orderings will also include the two anchor objects Z and M.
This allows representing the objects on a conventional ratio
scale, included between 0 to 100, without any conceptually
prohibited promotion. In addition, the response mode based on
preference orderings is relatively practical and user-friendly.

A limitation of the proposed technique is that the introduction
of the two anchor objects (Z and M) requires an additional

J1 Jo J3 Js Js

fffff ffffffff

Figure 2. Example of preference orderings formulated by five judges (i.e., J;
to Js), including four regular objects (O;to O,) and two anchor objects (Z and
M).
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(a) Judgements, paired-comparison relationships and fj, pj, z; indicators

Paired
comparison Jioh s A s fi Py Zj
(0,0 > > ~ > < 3.5 0.70 -0.524
(04,05 < < < < < 0 0.00 1995
(01,0 < < < =~ < 05 0.10 1.282
(02, 05) < < = =< = 0 000 1.995 e) graphical representation of the scalin
0,0 < < < < < 0 000 1.995 (e) grap P 9
(03,05 ~ ~ < > > 3 0.60 -0.253
0,2y > > > > > 5 1.00 -1.995 O, 0O O; O
©On2) > > > ~ = 45 090 -1282 ] e e S
03,7 > > > > > 5 1.00* -1.995
(0s.2) . 0 20 40 60 80 100
(Os, 2) > > > > > 5 1.00* -1.995
oM < < < < < 0 000 1995 <= —>
(02, M) < < < < < 0 0.00 1.995 decreasing degree increasing degree
(03, M) < ~ < < < 05 0.10 1.282 of the attribute of the attribute
(O, M) < ~ ~ < < 1 1.00" -1.995
(b) matrix F (c) matrix P (d) matrix Z
0O, 0, O3 Oy z M ()] 0, O3 O, z M O, 0O, O3 O, z M
Oy| 25| 35| 00| 05| 50| 00 O] 0.50 | 0.70 | 0.00*| 0.10 | 1.00* | 0.00* Oy 0.00 | -0.52| 2.00 | 1.28 | -2.00 | 2.00
O, | 15| 25| 00| 00| 45| 0.0 02| 0.30 | 0.50 | 0.00*| 0.00*| 0.90 | 0.00* O, | 0.52 | 0.00 | 2.00 | 2.00 | -1.28 | 2.00
O;| 50| 50| 25| 30| 501 05 O3] 1.00*| 1.00* | 0.50 | 0.60 | 1.00*| 0.10 O3 | -2.00| -2.00 | 0.00 | -0.25 | -2.00 | 1.28
Os| 45| 50| 20| 25| 5.0 1.0 O4] 0.90 | 1.00* | 0.40 | 0.50 | 1.00* | 0.20 Os | -1.28| -2.00| 0.25| 0.00 | -2.00 | 0.84
V4 00| 05| 00| 00| 25| 0.0 Z| 0.00*| 0.10 | 0.00*| 0.00* | 0.50 | 0.00* Z | 2.00| 1.28 | 2.00 | 2.00 | 0.00 | 2.00
5 5 4.5 4 5 2.5 M| 1.00*| 1.00* | 0.90 | 0.80 | 1.00*| 0.50 M | -2.00| -2.00 | -1.28 | -0.84 | -2.00 | 0.00

Notes:

Z is an anchor object denoting the zero preference level;

M is an anchor object denoting the maximum-imaginable preference level;
n=6 is the total number of objects, including Z and M;

% | -2.75| -523| 496 | 4.18 | -9.26 | 8.11
x=%/n|-046|-0.87| 0.83 | 0.70 | -1.54 | 1.35
y;[0,100] | 37.5 | 23.2 | 81.9 | 77.4 0 100

Ovalues of p;< 0.023 and 2 0.977 have been conventionally associated with z; = 1.995 and -1.995 respectively;

fj denotes the number of times that O; is preferred to O;

pj denotes the proportion of times that O; is preferred to O;;

z; =@7(1-py);

x; is the (interval) scale value of the j-th object, resulting from the LCJ;

y;is the x; value transformed in the conventional range [0, 100] (transformation in Eq. 4).

Figure 3. Example of LCJ application to the preference orderings in Figure 2: (a) paired-comparison relationships, (b) matrix F, (c) matrix P, (d) matrix Z and

resulting scaling, and (e) graphical representation of the scaling.

effort for judges.

Regarding the future, we plan to simplify the response
mode, e.g., assuming that judges formulate preference orderings
that include only a few most/least preferred objects [5], and to
apply the proposed technique to real-life problems in the
quality engineeting/management field.
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